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Correlations in the Kosterlitz—Thouless
Phase of the Two-Dimensional Coulomb Gas
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The particle and charge correlations of the two-dimensional Coulomb gas are
studied in the dielectric phase. A term-by-term analysis of the low-fugacity
expansions suggests that the large-distance behaviors of the particle correlations
are governed by multipolar interactions, similar to what happens in a system of
permanent dipoles. These behaviors are compatible with the asymptotic struc-
ture of the BGY hierarchy equations; on the other hand, a new identity for the
dielectric constant ¢ is used to show that the four-particle correlations decay as
the dipole—dipole potential 1/r> when two neutral pairs are separated by a
large distance r. Near the zero-density critical point of the Kosterlitz—Thouless
transition, we resum the low-fugacity expansions of both 1/¢ and the charge
correlation C(r). We thus retrieve the coupling constant flow equations of the
renormalization group as well as the effective interaction energy of the iterated
mean-field theory by Kosterlitz and Thouless. The coupling constant at the RG
fixed point is then identified with 1/e. The nonanalyticity of 1/¢ at the transition
turns out to coincide with the divergence of the low-fugacity series for this
quantity. The leading term in the large-distance behavior of C(r) is found to be
the same as for external charges. Moreover, we exhibit the subleading terms
which also contribute to 1/e.

KEY WORDS: Kosterlitz—Thouless transition; Coulomb gas; dielectric
phase; correlations; fugacity expansions; BGY hierarchy.

1. INTRODUCTION

The two-dimensional Coulomb gas (CG) is a neutral system made up of
two species of charges interacting via a logarithmic potential. In this model
(Section 2), the attraction between oppositely charged particles competes
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with the thermal motion. If the particles are point charges") (+e), the
attraction at short distances makes the system collapse for coupling con-
stants "> 2 (I'= fe* and B is the inverse temperature). On the contrary,
if the collapse is avoided by some short-range repulsion, the model remains
well-behaved for any temperature. At high temperatures, the system is in a
conductive phase: the correlations decay exponentially at large distance.’
At low temperatures, I >4, the system undergoes the so-called Kosterlitz—-
Thouless (KT) transition” to a dielectric phase, where the long-range
logarithmic potential binds opposite charges in pairs (in this phase, the free
energy variation associated with the creation of a macroscopic pair is
positive). In the conductive phase the external charges are perfectly
screened and the dielectric constant ¢ is infinite, whereas in the dielectric
phase the screening is only partial* and & is finite.

The above binding mechanism was devised by Kosterlitz and Thouless
in order to explain a special class of two-dimensional transitions. Indeed,
in two-dimensional systems with local interactions and continuous sym-
metry, there is no spontaneous symmetry breaking.®> However, high- and
low-temperature expansions show that in some systems (XY model, defects
in pseudosolids, superfluid helium films,...), the correlations change from an
exponential decay to an algebraic behavior at large distances. This tran-
sition from a disordered phase to a quasi-ordered phase is due to the con-
densation of topological excitations interacting via a logarithmic potential.
The corresponding universality class is characterized by exponents which
continuously vary with some microscopic parameters. More recently,
generalized Coulomb gases made up of both eclectrical and magnetic
charges have been introduced"®; for such systems, the critical exponents
on the transition line can be exactly calculated through the renormalization
group (RG) methods. This approach is complementary to the results of the
conformally invariant theory."! In this paper, we are interested in the
particle and charge correlations of the CG in the dielectric phase, which
are not studied in the previous methods, nor in the field-theory methods
applied to the sine-Gordon representation of the CG.!?

In the literature, the intrinsic correlations of the CG are dealt with
only in the iterated mean-field theory, introduced by Kosterlitz and

3 For a rigorous proof at sufficiently high temperatures, see Yang'?); this work extends the
analysis of Brydges and Federbush® and Imbrie® to two-dimensional Coulomb systems.
A lattice version of the CG has been exactly solved at I'=2 by Gaudin'®; the corresponding
correlations decay exponentially and this system is indeed in a conductive phase, as shown
by Cornu and Jancovici.®®

“In refs. 8 it is rigorously shown that, at sufficiently low temperatures and small activities, the
correlations between external noninteger charges are bounded by an inverse power law and
go to zero at large distances.
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Thouless”’ in order to describe the transition at finite density. In this
theory, the two charges of a given neutral pair polarize the smaller pairs
which are located between them. Then the effective energy of the pair is
equal to the interaction potential in the vacuum renormalized by an effec-
tive dielectric constant ¢(r) which depends on the size r of the pair. The
intrinsic charge correlation C(r) is identified with an effective pair correla-
tion proportional to the Boltzmann factor associated with the above effec-
tive energy. Thus, in the framework of this heuristic approach, this charge
correlation in the dielectric phase would decay as 1/r%, where ¢ is the
macroscopic diclectric constant of the medium [¢ appears as the limit of
¢(r) when r — co]. This result is not a priori obvious at all. First, C(r) is
the difference between the particle correlations p” , (r) and p” _(r);
p% . (r) [p™ _(r)] denotes the correlation between charges with the same
(opposite) sign. The point is that these particle correlations are expected to
decay as 1/r*, similar to what happens in a system of permanent dipoles.*
Second, even if compensations of the 1/r* terms occur, the intrinsic charge
correlation does not usually behave as the correlation between infinitesimal
external charges ¢, and ¢, which, by definition of e, decays as
exp[ —B(q,q,/e) In r] = 1/rFe=ar’®),

In this paper, we study the large-distance behaviors of the particle
correlations in the dielectric phase by both an analysis of the low-fugacity
expansions (Section 3) and a survey of the BGY hierarchy equations at
finite densities (Section 5). The term-by-term analysis indicates that these
behaviors are governed by multipolar interactions. In particular, p% _ (r)
and p” _(r) indeed decay as 1/r%, ie., as the square of the dipole-dipole
potential. These perturbative results are shown to be compatible with the
asymptotic structure of the BGY equations. More precisely, we first derive
a new exact expression of 1/¢ in terms of the dipole associated with the
cloud surrounding two opposite charges of the medium. Then, this identity
is used to show that the four-particle correlation p” | _, decays as 1/r*
when two neutral pairs are separated by a large distance r.

Another part of this paper (Section 4) is devoted to a survey of both
1/e and the intrinsic charge correlation C(r) in the regime where both the
fugacity z and I'—4 are small, i.e., near the critical point at zero density
(I"=4). First, according to the survey in Section 3, the multipolar 1/r* con-
tributions cancel out in C(r). Our analysis consists in the simultaneous
resummations of the low-fugacity expansions of C(r) and 1/e, which is
related to the second moment of C(r) via the linear response theory. In the
considered regime, we have to retain in the expansion for 1/¢ all the terms
22M)(I'—4)*N~! which are of the same order. These terms arise from the
large-distance behavior of C(r). We stress that both leading and subleading
parts of the asymptotic expansion of C(r) do contribute. The study of C(r)
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at the order z* exhibits the partial screening of a given pair by a smaller
pair which behaves as a polarizable dipole. Then, the generalization of this
mechanism of nested pairs gives a recurrence scheme for handling the
higher-order terms. This leads to a system of coupled differential equations
for C(r) and the above quantity 1/&(r), which comes out in a very natural
way. In fact, this system proves to be equivalent to the coupling constant
flow equations of the RG"*"); thus, the coupling constant at the fixed
point is to be identified with /e, as already suggested in the literature.
Moreover, the solution C(r) of our resummation equations turns out to
have the same structure as the effective pair correlation postulated by
Kosterlitz and Thouless. Hence, the basic idea of these authors is sup-
ported by the present analysis starting from first principles, at least near
the zero-density critical point. On the other hand, the asymptotic behavior
of C(r) takes the form A(r)/r'’, where A(r) goes to a constant; this ensures
that C(r) indeed behaves as the correlation between external charges.
However, A(r) is an infinite sum of terms 1/r¥Y7#=% (N > 0) which all con-
tribute to 1/e. Finally, in our approach, the signal of the transition directly
appears as the nonanalyticity of 1/e, which happens to coincide with the
divergence of the low-fugacity series of this quantity.

2. DESCRIPTION OF THE MODEL

The two-dimensional Coulomb gas (CG) is a neutral system made up
of two species of particles with the same mass but opposite charges t+e
(e>0), which move in a plane surface and interact via the pairwise
two-dimensional Coulomb potential v(r) (r is the distance between the
interacting particles). This potential is defined as the solution of the
two-dimensional Poisson equation

V2oe(r) + 278(r) =0 (2.1)

and it takes the logarithmic form

ve(r)= —In (%) (2.2)

(L is an irrelevant length scale which fixes the origin of the potential). The
attraction between oppositely charged particles competes with the thermal
motion and gives rise to two kinds of phenomena.

In the first place the point particle model introduced by Hauge and
Hemmer" is unstable for the temperatures lower than T,=e*/2kg,
because at short distances the attraction between oppositely charged
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particles makes the system collapse. In order to prevent this collapse, we
introduce a sufficiently repulsive short-range pairwise interaction wS®_
between these particles. Thus the basic two-body potentials are (with
obvious notations)

vy (r)=eve(r)+wiE (r)
v, _(r)= —ezvc(r) + wiRw(r) (2.3)

v__(r)=evc(r) +wE_(r)

The short-range interactions w5*, (r) and w® (r) are not essential for the
stability of the system and may be omitted. Moreover, as far as long-range
effects are concerned, the precise form of the short-range potentials is not
crucial; so, for technical reasons, we shall consider various kinds of
wSR_(r), w3 _(r), and w3® (r) in the following sections. For instance, the
use of a hard-disk model is most appropriate for the resummation of the
low-fugacity expansions (see Section4). On the contrary, in order to
handle the BGY hierarchy (see Section 5), it is convenient to define the
short-range potentials in such a way that the whole potentials v, ., v _,
and v__ are differentiable everywhere. Thus, the finite CG, with 2N par-
ticles moving in a surface of area 4 and interacting via the potentials given
by (2.3), has a well-behaved thermodynamic limit, whatever the values of
the temperature 7 and the density of ecach species p=p_ =p_ =N/A4
may be. !¢

Second, for the temperatures lower than T,, the long range of the
logarithmic Coulomb attraction between positive and negative charges
binds them in pairs with a finite polarizability; for fixed small values of the
density, the infinite system undergoes a Kosterlitz—Thouless (KT) tran-
sition between a high-temperature conductive phase and a low-temperature
dielectric phase. The transition is not signaled by thermodynamic
singularities, but by the discontinuity of the inverse of the dielectric
constant ¢ which characterizes the electrical properties of the system. The
present dielectric constant ¢ is defined through the linear response of the
infinite system to an infinitesimal external charge distribution ¢, When
the external charge distribution g, (r) is immersed into the infinite fluid,
there appears a total charge distribution dq,.,(r), which is the sum of ¢,,.(r)
and of the corresponding charge density induced in the system. In the
linear regime, the Fourier transforms g, (k) and ég,,(k) are proportional
to each other,

5qm(k)=g—(lk~)qm(k> (24)
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and ¢ is defined through the response function ¢(k) in the limit of a uniform
external distribution (that is, an extended distribution with spatial varia-
tions which are very slow with respect to the mean distance between the
particles of the system),

¢ = lim ¢(k) (2.5)

k—0

In a conductive phase, the infinitesimal uniform external charge is perfectly
screened, dq,.,(k)=0 and then ¢ is infinite, whereas in the dielectric phase,
the screening is only partial, ég,.,(k)#0 and ¢ is finite.

Using the linear response theory, one easily relates ¢ to the internal
charge—charge correlation C(r) of the infinite system,

C(ry=1lim <[e i o(x;—0)—e % 5(yi—0)}
TL = ;

i=1

N N
X [e Y dx,—r)—e Y, (3(yj—r)]> (2.6)

j=1 j=1
[In (2.6) TL means “thermodynamic limit” and <{---) denotes the thermal
equilibrium average; the positions of the charges with positive (negative)
sign is denoted by x; (y;).] The relation is

1
Ol 1 — (k) C(k) (2.7)

so that

é: 1 +n—2ﬁjdr rC(r) (2.8)

Notice that there exists another definition for ¢, which proves to be equiva-
lent to the previous one. In this definition the linear response theory is used
to calculate the effective potential vif,f between two infinitesimal point
charges g, and g, immersed in the infinite system. This potential is defined
through the first-order difference between the free energy of the fluid with
both charges in it and the sum of the free energies associated with the
creation of the polarization clouds when the charges are immersed
separately into the system. According to the linear response theory, one
finds

v (k)
175 k)

v55(k) =g, (29)
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where we have used (2.7) to make 1/¢(k) appear. In the dielectric phase, 1/e
is finite and the linearly screened effective potential becomes proportional
to the bare Coulomb interaction at large distances. On the contrary, in the
conductive phase, 1/¢(k) goes to zero as k vanishes and the large-distance
behavior of the linearly screened potential differs from the Coulomb law;
both localized and extended infinitesimal external charge distributions are
perfectly screened in this phase.

According to (2.8), the KT transition is also characterized by a
qualitative change in the behavior of the correlations of the CG. In the
conductive phase C(r) obeys the so-called Stillinger-Lovett sum rule!”

Jdr r2C(r) = —nz—ﬁ (2.10)

which is a direct consequence of (2.8) with ¢= co. This sum rule no longer
holds in the diclectric phase. According to the analysis by Martin and
Gruber,"® this breakdown of the Stillinger-Lovett sum rule implies that
some particle correlations decay algebraically at large distances in this
phase. Indeed, by using the BGY equations, these authors have shown
that, if the two-body correlations decay faster than 1/r* and if the three-
and four-body correlations decay faster than 1/r°, then the sum rule (2.10)
is satisfied (these conditions are fulfilled in the conductive phase where
all the correlations are expected to decay exponentially). The particle
correlations of interest, psTl,,,s"(rI,..., r,), are defined as

[ | SP

=1im<[f[ (5m % S(X,—1)+6_ i 5(yj—r,-)>] >T (2.11)

TL i=1 j=1 j=

where s, denotes the sign of the considered species, the superscript T
indicates a full truncation with respect to all the partitions of {r,,..,r,},
and the notation [ ---],. means that only the contributions of points which
do not coincide must be retained. These particle correlations are related to
the usual Ursell functions by

Pl (X X)=p"h, (P, T,) (2.12)

Notice that the charge-charge correlation C(r) can be expressed in terms
of the particle correlation as

Clr)=2epd(r) +e’[p} (0, 1)+pT _(0,1) =207 _(0,1)] (2.13)
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3. ANALYSIS OF THE LOW-FUGACITY EXPANSIONS

In this section, we consider a Coulomb gas made up of charged hard
disks with a diameter ¢. Then the short-range potentials in (2.3) reduce to

0, r<o

3.1
0, g<r (3.1)

)= () =W ()=
Furthermore, for the sake of simplicity, we shall take L=o0. For the
present symmetric version of the CG,

pL (r)=pT_(r) (3.2)

and similar identities hold for correlations between more than two par-
ticles. The charge—charge correlation given by (2.13) can then be rewritten
as

Clr)=26%p3(r) + 26 [, , (0, 1) — pT, _(0, )] (3.3)

The large-distance behavior of the particle and charge correlations will be
studied by expanding the formers in powers of the fugacity z. This analysis
is allowed in the dielectric phase because all the terms of these expansions
are well defined!” for I"> 4. In Section 3.1 we introduce the grand canoni-
cal ensemble. In Section 3.2 we show that the particle correlations decay
algebraically at each order in the fugacity, and we determine the dominant
powers for the two-, three-, and four-body correlations. Some comments
are given in Section 3.3.

3.1. Grand Canonical Ensemble

We start from the grand canonical ensemble representation for a finite
system which occupies a surface with an area 4. We introduce space-
dependent dimensionless fugacities z(r) and z_(r) for each species. The
corresponding grand partition function 5, is

® 1 Nodx, dy,
A=g¥@ﬁ?£%[ﬁla Nz xz )]

X eXpL— BVon (X5 X3 1o Yu) (34)

8]

where V,,, is the electrostatic interaction energy of 2N charged hard disks,

VoK s X5 ¥ ¥ ) ———21 ( ) i <1y, |>

z;éj zaéj

e’ Ix;—yl
S o M T Fik ‘
+2§ n< - > (3.9)
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The integration domain 2, is included in A*" and is such that all the par-
ticles are separated by a distance larger than o. In the definition (3.4} the
summation is performed over neutral systems. One could define another
grand partition function by summing also the contributions from the non-
neutral systems. Both definitions become equivalent in the thermodynamic
limit. The particle correlations (2.11) of the homogeneous (neutral) infinite
system are given by

"In~
Pl (Fiat,)=2"lim e (3.6)

TL 5Zs1(r1)"'5zsn(rn) zi(r)=z_(r)=z

In (3.6) the functional derivative is calculated for uniform fugacities
z (r)=z_(r)=z and the thermodynamic limit is taken at fixed z, §, and
r; (i=1,.,n). The equilibrium state of the infinite system is entirely
specified by the two dimensionless parameters z and "= fe’.

The expansions of the particle correlations in entire powers of the
fugacity z are obtained by using the definition (3.4) in (3.6) and by taking
the thermodynamic limit in each term. The expression of the term of order
z"*7 is an integral over p field points (with the n root points r,..., r, kept
fixed). In general, these integrals arc well defined only for systems with
short-range integrable potentials. On the contrary, for three-dimensional
Coulomb systems with the familiar 1/r potential, all the coefficients of these
expansions diverge. However, in two dimensions, the situation is quite
different because of the confining character of the logarithmic Coulomb
potential. Indeed, Speer'®’ has shown that all the above coefficients are
finite for I">4. However, the related integrals are only conditionally
convergent, because there are residual dipole-dipole interactions between
neutral clusters of charges which are far away from one another (these
interactions decay only as 1/r%, which is the border power for integrability).
The analysis of the way in which the contributions of the boundary regions
of the finite system vanish in the thermodynamic limit gives a prescription
for handling the contributions from these configurations: one must first
perform the angular integration over the orientations of the neutral cluster
which is sent to infinity.**)

3.2. Term-by-Term Analysis

In the dielectric phase I' is always larger than 4. Consequently the
above fugacity expansions can be used for studying the large-distance
behavior of the particle correlations. In this subsection, we restrict
ourselves to a term-by-term qualitative inspection of such behaviors. This
survey is carried out with some detail for the terms with the lowest order
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in z and the main arguments are briefly sketched for the higher-order
terms. We explicitly consider only the two-, three-, and four-body particle
correlations.

At the order z* included, we have (for r, =|r, —r,| > o),

2t ¢ dy,dy, (1
P£+(r1s r2)=?j@§?l;;{§exp[-—ﬁV4(rl, ¥, Y]

—expl—BVs(r1:v1)] exp[—ﬁvz(rz;yz)]}

+ 0(z%) (3.7)
and

2
z
917(1’1, r,) 2? exp[—pV,(r;;1,)]

Z4J‘&

2
2
2, 0

dy
p ?zl{eXP[_BVArl,Xﬁrz;yﬂ]

—exp[—BV,(ri; )] expl — BV,(x15¥1)]
—exp[ =BV (ry;y) T exp[ —BVa(xy;12)1}
+0(z%) (3.8)

The expansion (3.7) begins at the order z* onmly, because there are no
neutral configurations involving two identical charges at the order z2. The
integration domain 27 is R* minus the region corresponding to the con-
figurations where one (or more) relative distances between the field or root
points is less than . Notice that the integral in the right-hand side of (3.8)
is only conditionally convergent and must be calculated according to the
general prescription given in Section 3.1.

The large-r,, behavior of the z* term in (3.8) is obvious, since the
latter reduces to (z%/6*)(a/r,;)". In order to study the z* terms in (3.7) and
(3.8), we first remark that the most probable configurations of the field
points are such that each of them is close to another ficld or root point
with an opposite charge. These configurations are drawn in Figs. 1a and 1b
for p” , and in Figs. 2a and 2b for p” _. For such configurations, the pairs
of opposite charges behave as dipoles, as far as their electrostatic inter-
actions with the other charges are concerned. Their contributions to the
asymptotic behaviors of p” , and p” _ are obtained by expanding V, in
powers of the sizes of the neutral pairs. This method is illustrated below for
every configuration.
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ch y ~O
® o ® P ®,

(a) (b)

Fig. 1. The most probable configurations of the field points (y,,y,) which contribute to
p? . (0,r) at the order z* A circle with a positive (negative) sign inside represents a hard disk
carrying a positive (negative) charge.

3.2.1. Configuration of Fig. 2a. First, V/, is rewritten as
Valty, x50, y)=e’Int, + e’ Int, + U(Z,, B) (3.9)

where t;=r;—y, and t,=x,—r,; # (%) denotes the neutral pair
{(®r;;0y )} ({(®x;;0r,}) and U, B) is the electrostatic inter-
action between these pairs. When the pairs 1 and 2 are small compared to
their relative distance ry,, U(%, %) can be represented by the multipole
expansion

v )= ¥ Sl 1 Vo vy vy - vy
x In ("1—"ii> (3.10a)
g
=eX(t, - V)(t,-V)In <E_—r2]> +0 (é) (3.10b)
ag 7'12

The first term in (3.10b), i.e., the term n=2 in (3.10a), is the usual dipole—
dipole interaction potential, which decays as 1/r}, when r;, - co. In this
limit the electrostatic interaction U(Z, %) goes to zero, so that the
Boltzmann factor exp[ —BU(#,, #,)] can be expanded in a Taylor series

"od’
X, B ® 2

(a) (b)

Fig. 2. The same as Fig. 1, for p% _(0,r) and the field points (x,, y,).

822/66/1-2-12
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with respect to BU(Z,, ). The contribution of the considered configura-
tion to p’ _(ry,r,) at the order z* then becomes, according to (3.8),

z* dt, dt, (a\" [a\* BU?

— — — = — —pU + - 3.1

04jtl>a o’ frz>a o’ (’1) <t2> < AU+ 2! > ( )
where we have taken into account that the zeroth-order term in SU in the
expansion of exp(—fV,) is exactly compensated by the term

exp[ — BV, (r;5y) T exp[ —BVa(xi5 1) = (a/t,)" (a/t5)"

Moreover, we have replaced 22 by 2! ® 2! and we have omitted the
term exp[ —BV,(r;;r,) ] exp[ —BV,(x1; ¥,)] Such approximations can be
justified a posteriori, since they introduce corrections which decay faster
than the expression (3.11) [see also Appendix A for a detailed survey of the
large-r,, behavior of the integrals involved in (3.7) and (3.8)]. The linear
term in U does not give any contribution to (3.11), as a consequence of the
rotational invariance of the weighting factors (/t,)’ and (o/t,)" combined
with the harmonicity of the Coulomb potential. Indeed, once the angular
integrations over the orientations of t, and t, have been performed, the
operators (t, - V)" and (t, - V)" either vanish, if # is odd, or become propor-
tional to (V?)"2, if n is even: in both cases the action of these operators
onto In(|r; —r,|/o) gives zero for ry, # 0 by virtue of the Poisson equation
(2.1). The first nonvanishing contribution to (3.11) arises from the qua-
dratic term in U. According to (3.10b), the latter reduces to the square of
the dipole-dipole potential between the pairs & and % when r, — co.
After a straightforward integration over the sizes and orientations of the
dipoles, we find that the contribution of the configuration in Fig.2a to

p’ _(ry,r,) behaves as
7zt wirr /o \* 1
L — — 3.12
o’ (F—4)2<r12> +0(”‘112> ( )

when r,;, — oo. In deriving (3.12), we have implicitly used that " is larger
than 4 when computing the integral

dt (o\" 276
| p(;) o (3.13)

This integral is related to the polarizability of a single pair in the vacuum.
When I"'— 4" this quantity diverges and it is infinite for "< 4.

3.2.2. Configurations of Figs. 1a and 1b. These configura-
tions are similar to the configuration of Fig. 2a since they consist of two far
away interacting neutral pairs. They give identical contributions to p7” ,
and the sum of these contributions behaves as (3.12).
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3.2.3. Configuration of Fig. 2b. In this configuration there is
only one neutral pair 2= { @ x,; © y, } interacting with the two far away
charges {@®r,} and {©r,}. Using the notations t=x,—y, and R=
{x, +¥,)/2, the part of ¥, which has to be treated perturbatively behaves

* (t- Vi) [m ('R Ur”) <‘R—;r—2|>] (3.14)

for ¢ small compared to |R—r;| and |R—r,|. For the same reasons as
those exposed in the study of (3.11), the leading behavior of the configura-
tion of Fig. 2b is entirely governed by the quadratic term in the expansion
of the Boltzmann factor associated with (3.14). Changing from the
variables (x;, y;) to (t, R), we find that the leading term in this expansion

is
21 _Fj d_Rff_t(zr
o 2 \r) Ja2 0% P\t

A

The dominant contributions to the integral in (3.15) arise from the region
where |R —r,| and |R —r,| are large (but smaller than r,,). Consequently,
the leading behavior of (3.15) is not affected by the replacement of 22 by
the disentangled conditions > ¢ and |R—r,| > ¢ (i=1, 2). The latter con-
dition on R can be viewed as an arbitrary cutoff which prevents spurious
divergences associated with the nonintegrability of [Vg In(|R —r//a)]* at
R =r,. With this prescription, we find that (3.15) behaves as®

Y B
o’ 2 <r12> R—r,[R~r[>0 a? t>50'2 t
2
feva i (F7H) - (B2
¢ ¢
Z I
_72(F 4)<r12> J.|R7n|,|R—r2|>adR
e (B o (BT
—In
ag
27!2F2 r Fio
=72 () () (10

® This calculation already appeared in the evaluation of the first nontrivial contribution (in a
low-temperature expansion) to the vortex correlation of a classical planar Heisenberg model
made by Jose er al.?®

Z
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when r;, > oo [the last line of (3.16) follows from an integration by parts
and the use of the Poisson equation (2.1}].

It can be checked that the above configurations indeed give the domi-
nant contributions to the large-r,, behavior of p” , (r;,r;) and p” _(r,,r,)
at the order z*. More precisely, we get (with obvious notations)

4 22 4

Pﬁ‘ﬁ(rl, rz)“’Pi@("1Jz)~%ﬁ%<%> ) rp— oo (3.17)
The asymptotic behavior (3.17) does not depend on the sign of the charges,
because it is entirely determined by the fluctuations of the dipole carried by
a root charge and its opposite binding charge. Furthermore, the expression
(3.16) is the first correction to the leading term (3.17) of the asymptotic
expansion of p”™(r,, r,); the corresponding correction to p % (r,, r,) is at
least O(1/rf,) and decays faster than (3.16).

The analysis of the terms of order z*, p72M(r,, r,) and p"M(r,, 1,),
can be performed through a straightforward generahzatlon of the previous
method. The dominant contributions to the large-r,, behaviors of these
terms® arise from the configurations €%, where all the particles belong
to neutral ensembles &2 and &7 neutral which contain the particles located
at r, and r,, respectively, and whose sizes are small compared to r,, (these
configurations are similar to those of Figs. la, 1b, and 2b). In order to
estimate these contributions, we split the total potential V', as

Von=W,+ W,+ U, (3.18)

where W, and W, are the electrostatic energies of &2 and &},
respectively, and U,, is their mutual interaction potential. Since the dis-
tance r,, between &2 and £7°"" is large compared to their extension,
the potential U, behaves as a dipole—dipole potential, i.e.,

Uy~ (P, V)P, V) In ("—1;'—2|> (3.19)

where P, and P, are the dipoles of £2¢***! and &3°""2!, respectively. In the
large-r,, limit, U, goes to zero and the Boltzmann factor exp(—pU,,) can

© A priori, there are also contributions from configurations {g2ewtal gpeutsal  goeural
&2} where the neutral ensembles &l (j=1,.., n) contain only field points and are
located between r, and r,. These contributions involve products of dipole—dipole convolu-
tion chains connecting &2"* to &5 It turns out that these convolution chains vanish
in two dimensions, in contrast to the three-dimensional case, where they behave as the
dipole—dipole potential itself, as shown by Hgye and Stell.?D



Correlations in KT Phase of 2D Coulomb Gas 179

be expanded in powers of U,,. The contribution of #5"™' then takes the
form (up to numerical multiplicative constants arising from combinatories)

ZZN J d@@zeutral déageutral[exp( _ﬂWa)] T [exp( __ﬁWb):] T

x(—ﬁUaﬁ—ﬁ 21{01,+ > (3.20)

In (3.20), d&™*'™ and d&5°*"™ denote spatial integrations over the posi-
tions of the field points belonging to &2 and &7, respectively;
furthermore, the weighting factors [exp(—fW,)1" and [exp(—pW,)]" are
truncated with respect to all the partitions of the truncation processes of
exp(—fBV,y) involved in the integrals which define ¢”"(r,,r,) and
2”®M(r, r,). The expression (3.20) has the same structure as (3.11). Using
again the rotational invariance of [exp(—fW,)]" and [exp(—BW,)]" as
well as the harmonicity of the Coulomb potential, we find that the linear
term in U, in (3.20) does not give any contribution [as in (3.11)]. The
leading term of the asymptotic behavior of (3.20) then arises from the
quadratic term in U,,. According to (3.19), it behaves as

ﬁZZZN
2

[ de e dgevestexp(—pW,)1T [exp(—~fW,)1"

x [(Pa-V)(Pb-V) In (B;—rz'ﬂz

:ﬂzilN {J‘ déazeutral[exp(_ﬂwa)]TPE}
1
x { [ asenpexp( - ﬁWb)]TPf,} < (321)

since the integrals related to the average of P? with the weighting factor
[exp(—BW)]T are convergent for I'>4 and for any considered neutral
ensemble £™*¥ [as the integral (3.13) in the case where & reduces to a
single pair]. The asymptotic behavior of p ZM(r,, r,) and p ¥ (r,, r,) is
obtained by summing all the contributions (3.21). In this summation one
must properly take into account all the ways of labeling the field points
which belong to &2 and &7, respectively, as well as the symmetry
factors attached to each dlagram defining pm‘” '(ry, r,) and p *M(ry, 1,).
Using also the invariance of [exp(—BW)]7 P? with respect to the change
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of sign of all the charges belonging to ™", we find that the total 1/r%,

contributions to p”M(r , r,) and pT?"(r,, r,) are identical, i.e.,

2N O€2N (F)

4
Fiz

pi‘im(rl JTy)~ PTEN)(TD )~z

(3.22)
In (3.22) o, (') is a dimensionless coefficient which diverges when I' —» 4+,
Its evaluation becomes rapidly intricate as N increases, because of the
combinatories and the difficulty in explicitly computing the averages of P2
weighted by [exp(—pW)]".

The previous analysis can also be applied to the three- and
four-particle correlations (and to any higher-order correlations of
course). Because of the symmetric nature of the present CG, we only
have to comsider p” |, (r, 15, 13), plo (v, 0o, 13), ph o, (X, 15,15, 1y),
ph. . (ri 1y, x5,1,), and p . (r;,r,, 135, 1,). Again, at any order z2,
the dominant contributions to the large-distance behaviors arise from con-
figurations where all the field points belong to neutral clusters attached to
one isolated root point or to a set of several close root points. The corre-
sponding potential V,, is split in a way similar to (3.18), and the
Boltzmann factor exp(—fV,y) is expanded with respect to the multipole—
multipole interaction potentials between the neutral clusters. Finally we get
(omitting the coefficients and the possible angular dependences)

1
pTCM (), 1y, 13}~ p Y (r, 1y, 1)~ =, 3> 0, rpfixed  (3.23)

13

TN
PTE (X 1y, 1)~ =, rip o o0, rpsfixed (3.24)
Fia
T(2N) T(2N)
P+++(r1ar2’r3)~P+(+_(r1,r2,l'3)
1
~3 3 2o P12, P13, F33 > 0 (3.25)
FiaFiatys
T(2N T(2N)
P+(+l+(r1,1'2,r3,r4)~p+++_(r1,rz,r3,r4)
1
~—> T 0, Iy, rsfixed (3.26)
T4
TN T(2N
p+(+4)»7(r1’r2’ r35r4)~p+(+14(r1; r,, r;, r4)
1
~a F13—> 00, Fiy, Fy4 fixed (3.27)
I3
TN
pICM (kT s k)~ P00, Fiy, 1y fixed (3.28)

Fio
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TN T(2N)
P+(+J)r+(r1s1'zsl'3;f4)~p++,,(r1,r2,r3,r4)
: fixed 3.29
~ a4 r13__)w9 Fia, Fay 1X¢ ( . )
i3
TQN
P+(+l,(r1,r2,r3,r4)~rT, Fi3 = 00, Fys, I3 fixed {(3.30)
13
1
TN
UL umt )~ o, i, fixed (331)
s
TN TN
p+(+l+(r1’rz,1'3,l'4)~,0+++7(r1,r2,r3,r4)
TN
~p+(+lf(r1,r2,r3,r4)
: fixed 3.32)
~ET 2 20 P13, ¥4, F34 = 00, Fyp 1IXC (3.
Fi3t34F 4
TQN TQN
p+(+l~(rlsr27r3’r4)~p++l_(rl,1'2,1'3,1‘4)
1 fixed 333
~T2 o2 o0 P12, F13, Fa3 = 00, T4 lIXE (3.33)
Fiali3T a3
TN T(2N)
p+(+4)r+(r1,l’z:l'3,r4)~p+++,(r1,r2,r3,r4)
TN
~p+(+lf(rlar2,l'3,l'4)
1 N 1
~2 2 2 2 2 .2 2 .2
FrafaaTzalar Fistslaata
1
22,2 ,2° ry—> 0 (3.34)
P33t

The above behaviors are understood to be valid at any order z2V, with the
possible exception of the first-order terms, which may decay faster [for
instance, 0% _ decays faster than (3.23)]. Furthermore, for some special
asymptotic configurations of the root points, the three- and four-particle
correlations decay slower than the two-particle ones: in these configura-
tions, either there exists at least three (or more) far away sets with at least
one root point in each of them, or there are two far away sets with two (or
more) root points in them. For the first kind of configuration, such as
(3.25), the products of the 1/r*> terms arise from the products of dipole—
dipole interactions between a given neutral cluster and two different other
ones. For the second kind of configuration, the two neutral clusters
attached to the two sets of root points are no longer invariant under rota-
tions and the resulting averages of the multipole-multipole interactions do



182 Alastuey and Cornu

not necessarily vanish. For instance, the 1/r* and 1/7? terms in (3.30) and
(3.31) arise from quadrupole—dipole interactions and from dipole-dipole
interactions, respectively.

3.3. Comments

In order to make a rigorous estimation of the large-distance behaviors
of the particle correlations by starting from the above term-by-term
analysis of the low-fugacity expansions, one should calculate explicitly the
coefficients involved in (3.22)-(3.34), resum the corresponding series in z°,
and control the series of the rests. This is a formidable task, which is far
beyond the scope of the present paper. At this level, and as will be
discussed in Section 4.3, it is reasonable to assume that the z-expansions
converge for I'>4 fixed and z sufficiently small’: the particle correlations
should then decay as each term of the expansions. In Section 5, the corre-
sponding decays will be shown to be compatible with the asymptotic
structure of the BGY equations. Moreover, they do not satisfy the condi-

tions found by Martin and Gruber® for a conducting system: the phase
is dielectric.

The large-distance behaviors predicted by our analysis are very similar
to those relative to classical neutral molecules carrying permanent dipoles
in three dimensions."® The correlations between two molecules with given
orientations of their dipoles indeed decay as 1/r°, ie., as the dipole—dipole
potential.®® Once the integrations over these orientations have been per-
formed, the residual position correlations decay faster, as 1/r®, which is the
square of the dipole—dipole potential."*’ In our system, the four-particle
correlations p” , _, and the two-body ones (either p” , or p” ) are the
analogs of the full molecule-molecule correlations and of the reduced
position—position correlations, respectively.

The above behaviors are not special to the present symmetric version
of the CG. In fact, one always has the same kind of power-law decays,
whatever the precise form of the short-range potentials w3, , w3k, and
wSR_ may be. Only the coefficients in front of these power laws depend
on the latter, through integrals of the form (3.13), for instance, with
exp[ —Bv, _(2)] in place of (o/r)". Furthermore, we point out that
p . (r), p% _(r), and p” _(r) have exactly the same decay when r — oo,

7 For a gas of permanent dipoles, Gawedski and Kupiainen'”” have proved that the fugacity
expansion of the pressure has a finite radius of convergence. This result has been extended
to the hierarchical dipole gas by Benfatto e al.®®. Dimock and Hurd should be able to
prove the analyticity of the pressure in z near z=0 for the CG, on the basis of their recent
paper.#
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even in the case of nonsymmetric CG in which p”  (r) and p” (r) are
not identical at finite distances. Similar large-distance identities between
higher-order correlations hold as in the symmetric case.

4. RESUMMATIONS NEAR THE ZERO-DENSITY
CRITICAL POINT

As in Section 3, we consider a symmetric CG made of charged hard
disks. We study the large-distance behavior of the charge correlation C(r)
in the dielectric phase near the zero-density critical point, where both z and
(I"'—4) are small parameters. This analysis starts from the low-fugacity
expansion of C(r): at a given order z*", the large-distance behavior of
CCM(r) is determined by replacing p”" and p”*" in (3.3) by their
asymptotic expansions. According to (3.22), the multipolar 1/r* contribu-
tions from the particle correlations cancel out. The detailed study of the
orders z* and z* suggests that the remaining terms should decay as 1/r"
multiplied by powers of In(r/o) with coefficients which diverge when
I'> 47" In the regime where z and (I'—4) are of the same order, these
divergent terms are resummed via a recurrence method which leads to a
system of coupled differential equations. In the latter, the dielectric
constant ¢, which appears in a very natural way, must be calculated self-
consistently with the asymptotic behavior of C(r). This is due to the fact
that the dominant contributions to the integral expression of ¢ given by
(2.8) arise from the large distances, in the limit I'— 4%, At every order
z?V, these contributions diverge like 1/(I"—4)?" !, as a result of the non-
integrability of r*C@")(r) at I'=4 when r — oo. In the present limit, all
these contributions are equivalent and consequently must be indeed
resummed.

In Section 4.1 we first describe the above method, which is composed
of four steps. The first two steps deal with the rigorous study of the z* and
z* terms. A recurrence scheme for handling the higher-order terms is then
introduced. The final step consists in deriving the required differential
equations which incorporate the full resummation of the low-fugacity
expansions in a systematic way. The results are displayed in Section 4.2 and
are discussed in Section 4.3.

4.1. Method

Step 1. The Order z*. The z* term in the expansion of C{r)
obviously reduces to

CO(r)= —2¢ z—j (%) (4.1)
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Its contribution to 1/¢ is readily obtained by inserting (4.1) in (2.8), with
the result
N\®  —2n’r |

where (1/¢)*") denotes the term of order z2V in the expansion of 1/e. In the
limit I"— 4%, (4.2) behaves as

1\® , z° z?
(E) .= —8=n F—4+O<F—4> (4.3)
The point is that the divergent behavior (4.3) arises from the large-

distance contributions of C®(r) to 1/¢. Indeed, when splitting the integral

w2 [ drPCOr) (44)

into

wp | LdrCO(r) + 17 flw dr PCO)r) (45)

where / is some given distance, we see that, when I'— 4%, the first integral
in (4.5) behaves as — 8n°z” In(//c), whereas the second one exactly behaves
as (4.3) whatever the value of / may be. This suggests that the leading

z%/(I' —4) contributions to (1/2)® can be calculated by using in (2.8) the
limit form C@(r) when I'—» 47 of the leading term in the large-distance

expansion of C®(r). Since C(r) reduces in fact to C@(r) itself, we
obviously can write at the order z? included

§=1+n2ﬂf:o dr r*[CR(r)+ --~]+0<FZ_4> (4.6)

and

g\ T+ ]
) 4.7)

22
Cas(r)= =2 = (1+ --+) <——
o r
Equations (4.6) and (4.7) indicate that the calculation of C,4(r) at all
orders in z? is linked to the corresponding determination of 1/e. This
connection will appear more explicitly at the order z*.

Step 2. The Order z*. According to the detailed study of p’ and
p™ in Section 3.2, C{(r) is directly obtained from (3.16),

64n> L z* foNT . (r
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The coefficient 1/(I"—4) arises from the integral (3.13), which is related to
the z* term of the expansion of 1/e. Indeed, noting that

- ol
_ (%)r[l 2 (g) 0G| (49)

we then see that it is tempting to reexponentiate [C3(r)+ C&(r)]
through a formula similar to (4.7). Furthermore, taking into account the

identity
o drr fo\T r 1
G ()= (+10)

we see that C{2(r) indeed contributes a term of order z*/(I'—4)* to 1/e.
This contribution reads

5 0 . 256 4_4 4
T BL dr PC(r) = _(rj4z)3+0<(ri4)3> (4.11)

if we a priori assume a formula similar to (4.6). In fact, in order to extend
Eqgs. (4.6), (4.7) to the present order, one must first carefully control all the
terms in the large-r expansion of C)(r) which decay like 1/r" [apart from
possible powers of In(r/g)] in the limit "—4% and which might give
contributions to 1/e of order z*/(I"—4)°. Second, one must prove that
these contributions can be calculated by replacing in (2.8) C*(r) by its
corresponding truncated large-r expansion over the whole integration
domain from ¢ to infinity. These two points are investigated in Appendix A
by starting from the integral representation of C¥(r),

4 r 2r r
z' (o * r vy — v,
CHr)y=er = - J dvydv,<| -
(r) o*\r 2 WN\e) ool v, —rxfo| T v, —rx/o| T

o} v, —r/o|”

—Uﬁvz_r/drlvl_"zlr

vl v, —r1/a|” N 2 }

vy Ivi—r/o| T vy —vo| T v, = vyl

(4.12)

where the notation [* means that the integration domain for v, and v,
excludes the configurations such that any of the relative distances between
the points 0, r/o, vy, v, is smaller than 1. This expression is easily obtained

from the integrals defining p”*) and p”* in (3.7) and (3.8), where we have
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symmetrized the corresponding integrands and introduced the dimen-
sionless variables v, and v,, which denote the positions of the field points
in units of ¢. The method consists in rewriting C“(r) as a part C“¥(r)
which gives contributions to 1/ of order z*/(I'—4) plus a remainder
which is uniformly bounded with respect to r and I'. These uniform bounds
are used to prove that this rest gives contributions to 1/¢ bounded by
cstx z4/(I'—4)? and that C®)(r) reduces to the first three terms in the
large-r expansion of C¥)(r) where the involved coefficients are replaced by
their limit forms when I'— 4%, We find

64n2e?z* [o\" r 1 1 (o' 4
CYr)= ———— |~ n{-}-——+—1{~— .
- () (F—4)o4<r> [n<a> F—4+F——4<r> ] (413)
while the contributions to 1/¢ of order z*/(I"—4)* can be calculated from
2B foo dr PC9(r) (4.14)

as

n\N® 1287%z* z4
¢) =_<r—4>3+°(<r—4)3> (1)

Note that C{)(r) indeed is the leading term (when r — o0) in (4.13) and its
contribution (4.11) to 1/¢ is twice the total contribution (4.15). The
required extensions of (4.6), (4.7) at the order z* then read

<%>=1+n2ﬁ J:O ar r3[Cg2)(r)+C§4)(r)+ .”]+0<FZ——4> (4.16)

and

2 2.2 I+ (e)@+ -]
5 Z 32n°z c
=2’ ~|l-—q4 |- 4.17
Cas(r) 2e a4|: (F—4)2+ :|<r> ( )

where we have used the obvious relation C 2 (r)= C(r). We stress that
the subleading correction which behaves as (a/r)" in (4.13) contributes to
the resummation process of C,g(r) through the term of order z* in the
constant prefactor in front of (¢/r)’t* * 1. Moreover, it is understood that
(1/e)® is replaced by its limit form (4.3) when "> 4%,

Equations (4.16), (4.17) clearly illustrate the interplay between the
resummation processes of 1/e and Cs(r). However, since 1/¢ is determined
by C,(r) rather than C,s(r), it is crucial to derive a resummation equation
for C,(r). The latter could be formulated in a similar way to the expansion
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for C,s(r) given by (4.17). However, such a formulation is not very con-
venient because it introduces constant prefactors whose relation with 1/¢ is
not a priori obvious, and furthermore it involves subleading terms, the

number of which increases with N. For instance, the equivalent formula to
(4.17) for C,(r) reads at the order z*

6222 32n222 e T+ (1/e)2 + .1
cin=-25 [1 et ]<;>

222 [ 327722 g\ T+ 14
LeR[Eee e
o L (I'—4) r

4. (4.18)

In fact, the required equation for C,(r) will be further expressed in an
integral form. The derivation of this equation starts from the following
central observation originating from the present study of the z* term. As far
as the calculations of (1/¢) and of the large-r expansion of C®(r) in the
limit I"—4* are concerned, it is legitimate to replace the expression (4.12)
by the integral (see Appendix A)

ezt fa\' dx dy o \'
—2—4<—) {f —J _2< — )
o r oc<|x|<r2 0 Yo<ly—x|<|x| O ‘X yl
re ( ) ( X x—r \]?
i SR S S
2 YR T k=
d d r
SIE e TEE
[x—yl

2 2
c<ix—1l<r2 0 Yo<ly—x|<|x—1| T

r? x x-r\]
il Gl o=l e

Since the quantity

I X x—r \
7[("_y)'<|“x|_2_tx—r|2>] 20

is nothing but the quadratic term in the expansion of the Boltzmann factor
associated with the dipole-charge interaction potential between 2 and two
opposite charges located at 0 and r, respectively, the configurations of
(v, v,) in (4.12) which contribute to C*)(r) are associated with the physi-
cal situation described in Fig. 3: a fixed neutral pair #={@ 0, © r} of
size r interacts with a smaller pair = {P x, © y} which is essentially
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Fig. 3. A typical configuration of the field pair 2 which contributes to C“)(r). The strip
delimited by the dashed line represents the pair .

located in one of the two disks with radius #/2 and centered on either 0 or
r. The size of # is large compared to o, but remains small compared to r.
Indeed, C¥(r) can be immediately computed from (4.19) by neglecting |x|
(|x —r|) with respect to r (|x]) in the disk [x] <#/2 (Jx —r] <r/2) and the
final result (in the limit I"— 47 ) does not depend on the precise radius of
the disks, which could be any fraction of r. Thus, C)(r) can be interpreted
as resulting from the sole contribution of the single pair & partially
screened by the polarizable pair # via the operator

(o050 <]
o \'I? AR LES ¥=3
S (P) = — 4.21
al?) <|x—y|> P PR ErTS T )
x—y x—r|? ]|’ X 2
The corresponding expression for C (¥)(r) then is
2.4 r
CO(r)= —2£<3> AP &, (P 422
B=2 () [, @) (422)

where [, . 5 d2 means that one has to consider all the sizes, orienta-
tions, and locations of & which satisfy the geometrical constraints defined
in (4.19). Note that (4.22) exactly reduces to (4.13) only if one replaces the
prefactor 7'? in the definition (4.21) of %,(#) by 16 and 2" * by 1.
However, it is legitimate to keep this prefactor I'? in our further calcula-
tions because this does not affect the final form of C,(r) in the limit of
interest. For a similar reason, one can replace the upper integration bound
r/2 by r in the integral over #.

Step 3. The Recurrence Scheme at the Order z2V.  We shall assume
that the part C?")(r) of C®™(r) which contributes to (1/¢)*"), the term of
order z*M/(I'—4)* =1 in 1/, still coincides with the limit form when
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I'—> 4% of the truncated large-r expansion of C*Y)(r). A rigorous deriva-
tion could be in principle carried out by extending the method introduced
in Appendix A to the integral representation of C®"(r) with 2N — 2 field
points. Here, we only guess the configurations of both root and field points
which contribute to C®"(r) from the above physical interpretation of
C¥(r). Then, we briefly sketch the main arguments which lead to the
generalization of the expression (4.22) at the present order z*"

In the configurations which contribute to C?")(r), there are one fixed
neutral pair %, and N—1 ficld neutral pairs £ (i=1,.., N—1). Each field
pair # (i=1,.., N—1) has a large size [this induces the 1/(/"— 4) divergen-
ces] and can be viewed as nested in only one larger pair & (field or root),
in the geometrical sense made explicit in Fig. 3 (with & in place of %, and
Z, in place of #2). In other words, all the field pairs % belong to chains of
nested pairs, which all start with the largest root pair 4. We denote these
as the chain €3 (x=1, 2,..) with the symbolical notation

€= {H>P> - >P} (ny=1)

where each pair 27 (i=1,.., n,) is nested in the pair 27 | (25=2). Let
us emphasize that a given pair may belong to various chains, i.e., one may
have 27 =27 with «#y. In the corresponding potential V,y, it is then
legitimate to retain only the dipole—charge interaction potential between
the dipole carried by #? and the two opposite charges constituting the
larger pair #%_| in which it is nested (in addition to the self-energies of the
pairs, of course). The dipole-charge interactions of 2% with the charges
constituting the pairs which belong to the same chain but which are larger
than #¢_,| are negligible compared to the analogous interactions of 2¢
with these charges, because the dipole size of 27 is much smaller than that
of #¢ |. The dipole—dipole interactions between pairs belonging to dif-
ferent chains %3, and €, are omitted since they do not give contributions
which diverge sufficiently fast with respect to 1/(I"—4). Thus, in the expan-
sion of the Boltzmann factor exp(—fV,y), the part which depends on %%
and which contributes to C2V reduces to the product of the screening
operators S« (#7) and %, «(7 ) if 1<i<n,, and to S (gw ) if

7

i=n, Summmg the contributions of all the chains, we then obtain

2N 1 g
C2V . zz_
€ (r) 2e O' (N 1)’( > ch§n5J>

1L @D) - % (2] (423)

where j -~ d%,, denotes a spatial integration over all the sizes, orientations,
and locations of the neutral field pairs satisfying the set of geometrical
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constraints |%| > |29 > --- > |27], and the notation 1:[& means that the
screening operator $%.(#) for a given pair # must be counted only once
in the product [],---: a given pair screens only one larger pair [if &
belongs to several chains, one may have the product of an arbitrary
number of screening operators S,(2'), S (#"),..., corresponding to the
screening of # by smaller pairs #', 2”,...]. In (4.23), the factor 1/(N —1)!
arises from the product of the symmetry factor 1/[(N—1)!]? attached to
the diagram defining p . _, by the number (N — 1)! of neutral pairs which can
be formed among the 2(N — 1) labeled charges {X;,., Xy_ 15 ¥Yisr Ya—1}-
Furthermore, the sum over the chains involves all the ways of building the
chains %7, with the above neutral pairs. For instance, at the order z°, the
chains, pairs, and screening operators are represented in Figs. 4a and 4b,
and the sum over the chains reduces to

{ | 7! y%(gvi)}[ | P y%(gﬂf)} (4.24)
7ol > |2} 120l > 1271

plus twice

a7} (2} | AP} S (PY) (4.25)

jw > 12l 121l > 125
[the contribution (4.25) is multiplied by 2 because of the two ways of
building the chain ¥}, = {% >2{>2}} with two given neutral pairs].
The inspection of the structure of (4.23) suggests a very natural way
to derive a recurrence equation which links CP?M(r) to C@(r) with

Fig. 4. The two kinds of chain configurations which contribute to C,(r) at the order z° The
strips delimited by the dashed lines represent the neutral pairs. The straight line connecting
the two opposite charges in a pair &, together with the wavy lines connecting this pair to the
larger one 2 in which it is nested, represent the screening operator S,(#’).
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1<p<N—1 Let SPV )(r) be the sum over the chains appearing in
(4.23),

CNY Y — 23322(N_1) o\ caw-)
CP(ry= —2e o (V=1 \r S (r) (4.26)

We can rewrite this quantity as

S(Z(N‘U)(r):__Nil (N—1)! Z (N—1-p)!
’ , =i Pt (N—1-p)! a0 a!q,!
gt rgp=N—1-p
X Dogy(r) -+~ g (1) (4.27)
with
Lyr)=| AP S P) S CO(1) (4.28)

12| > |2|

and where 7= |x —y| is the size of the pair Z={P x, © y}. In (4.27), p
is the number of different pairs 2] directly nested in & and (N—1)Y
[PV (N—1—p)!] is the number of ways of choosing these p pairs among
(N —1). The quantity g, is the number of pairs which belong to all the sub-
chains starting with 27, and (N —1— p)!/(q,!---g,!) is the number of ways
of distributing N—1— p pairs among p ensembles containing q,,..., g,
pairs, respectively. The contribution of all the subchains starting with 2
reduces, by definition, to § ?%)(r%), where (5 is the size of the pair 2%. Then
the contribution I,, (r) to SP®~1)(r) from the corresponding complete
chains nested in &, through 2 obviously takes the form (4.28). Each quan-
tity 7,,(r) factorizes in (4.27) [in a similar way to (4.24), for instance]
because there are no coupling terms in (4.23) between pairs belonging to
chains {#>#}> ---} and {#A>P)> ...} (with ys#a), respectively.
Equations (4.26)-(4.28) provide the basis of the required recurrence scheme
for C*M(r).

Step 4. The Coupled Differential Equations for C.(r) and €(r).
Using the definition of S ?"~')(r) given by (4.26) in the z* series represen-
tation of C,(r), we get

ZZ o r o 2N N
- N Z_goem
C.(r)= —2e g (r) {1 +NZ:1 N S (r)} (4.29)
where we have taken into account that S(r)=1. Replacing S*"(r) by

822/66/1-2-13
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the recurrent expression (4.27) (with N in place of N—1) in each term of
order z*¥ in (4.29), we obtain

C,(r)= —2ezz—i<%>r{1+ i z
X[ N —1— Z ‘ Iqu(r)---lqu(r)]}

! loo.g !
p:lp. gy =0 ql' qp'
at o hgp=N—p

2ZZ (O’ r

= — ZLE€ — —_

ot \r

o L2 @ 724 z24p
x<1+ — (r)---—1 (r)}
{ p§1 pl ql,...,‘L;:,=0 qI' 2q1 qp| 24p

22 o r o0 ZZq

= - 2¢? e (7> exp {22 qgo ;r_ Izq(r)} (4.30)

The second line in (4.30) follows from a first summation over N, whose
result is both to extend the upper summation bounds relative to p, g4,.., g,
to infinity, and to suppress the constraint over g, + --- +¢,. Replacing
I,,(r) by (4.28) in (4.30), and inverting the sum over ¢ and the integral
over # in order to make C,(¢) appear, we finally get

= 22 (0" o’ P P C Ay
C.(r) 2e 64<r> exp[ 32 Jl%bmd S (P) s(t)(g) :I
(4.31)

Using the expression (4.21) of ¥, (#) and proceeding to an integration by
parts in { . p d2.., We can rewrite (4.31) as

2

Cr)= —2e* = <E>rexp [—nzﬁf In <1> j “dtBC1)
ag ¥ ag o

+wpr [ di ' ln (é) cs(z)] (432)

The integral equation (4.32) for C,(r) incorporates in a systematic way
the full resummation of the whole z* expansion of C.(r). In order to solve
this equation, it is convenient to introduce the spatial-dependent dielectric
constant ¢(r) defined by

1 1+7°p frdz C,(1) (4.33)
& r) o
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This quantity comes out from (4.32) in a very natural way, and is
identified as above because it reduces, apart from terms o(z*/(I"—4)), to
the dielectric constant ¢ in the limit r — co. The latter is indeed related to
C, via

1 o)
=1 +n2ﬁj dt £C,(1) (4.34)

which is the immediate extension of (4.16) to all orders in z? [the terms
o(z*/(I"— 4)*¥ 1) for arbitrary N and which are left over in (4.34) are not,
and will no longer be, explicitly specified, for the sake of notational
convenience ]. Differentiating both sides of (4.32) and (4.33) with respect
to In(r/g), we easily find

d 1 2n.4
m%=ﬂ ﬂr Cg(r) (435)
d I

mCe(r)= ~s—(r—) CS(I‘) (436)

with the boundary conditions &(¢)=1 and C,(o)= —2e°z?/6*, which
directly follow from (4.33) and (4.32) for r=0. The integration of (4.36)
leads to

z? r r
Cu(r)= —2¢* S exp [—j dr — (r,)] (4.37)

This integral equation and the definition of 1/e(r) are equivalent to the
heuristic iterated mean-field theory devised by Kosterlitz and Thouless.!”
Thus, the coupled differential equations (4.35), (4.36) are equivalent to the
flow equations.”">) Now we are able to express the required forms of 1/g,
C.(r), and C,4(r) in the present small-z and small-(/"— 4) limit.

4.2. Results
The resolution of (4.35), (4.36) gives'">
1 r—4 (8mz)* 172
o+ 2 —1 4.38
el (439

The full resummation of the z° expansion of 1/¢ is incorporated in the

function
2 1/2
[1 _ _(8n2) ] 1 (4.39)

(r—4y
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It is easily checked that the expansion of (4.39) in powers of z* allows us
to retrieve the terms (4.3) and (4.15) of order z* and z*, respectively, in
the expansion of 1/e, as it should be. The radius of convergence of the
corresponding entire series in z? is given by the equation

8nz=I—4 (4.40)

which is nothing but the equation of the transition line between the
dielectric and conductive phases, predicted by the renormalization group
methods.'*19

Integrating (4.36) from ¢ to r, we find

C,(r)= —2322—i<%>mA(r) (4.41)
with
© 171 1
A(r):Aoexp{rf dz?[g(—t)—-g-} (4.42)

and where 4, is a constant independent of r,

© 101 1
A0=exp{—FL dt;[%—)—g]} (4.43)

The integrals involved in the rhs of (4.42), (4.43) do converge in the dielec-
tric phase, ie., for 8nz <I'—4, because then, according to (4.33) and
(4.41), the quantity [1/e(¢)— 1/e] goes to zero as 1/¢7*~* when t — o with
I'/¢ strictly larger than 4. The amplitude coefficient A, is a function of
z/(I'—4), whose explicit calculation requires us to solve the coupled
differential equations (4.35), (4.36) for all the values of r. The leading term
in the large-distance expansion of C(r) is readily obtained from (4.41),

2 Ife
Cas(r)= =262 = 4, <5> (4.44)

[ r

This formula is the extension of the expression (4.17) to all orders in z2

The structure of the subleading corrections to (4.44) can be obtained
from the following recursive method. The leading term in the large-distance
behavior of

11 ®
8—(.r~)—;=—n2ﬁjr dt £C,(1) (4.45)
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is given by replacing C,(1) by Cag(7). Using (4.44) and (4.38), we then get

[8nz/(I'—4)]? g)r/a““
2{1 — [8nz/(I'—4)1*}"? O<r

(o)

Replacing A(r) by (4.46) in (4.41), we find that the first subleading correc-
tion to C,g(r) in the large-r expansion of C(r) takes the form

27?2 o\207e—4
~2— 4, (;) (4.47)

A(r):AO{l +

with
 [Bry(r—41 4
Y1 —[8az/(IT—4)]?}1? 2

(4.48)

This method can be extended to the calculation of all the subleading terms
involved in C,(r), by starting from the integrodifferential equation

dA _ 2_Zj o N Ije
ey~ 2 A0 | e (,) A (449)

which follows from the differentiation of the definition (4.42) of A(r) and
the combination of (4.41), (4.42), and (4.45). The final result is

0222 o\ e w0 o\ /e + NI e—4)
Clr)=-2— {Ao (7) + 2 sz(;) } (4.50)

N=1

which is the resummed form to all orders in z* of the expression (4.18). The
amplitude coefficients 4, (N> 1) can be recursively calculated in terms of
Ay and of the function [8rz/(I'—4)1%/{1— [8nz/(I'—4)]*}'% Their z*
expansions only start at the order z*¥. All the terms in the rhs of (4.50)
indeed contribute to 1/e, in agreement with the definition of C.(r). At a
given order z*¥, C2(r) is a linear combination of the quantities

3222 1 o I+ m(I"—4) r n
8% e - (¢ r _
o (r—4)2(”-”-"<r> [ln (aﬂ (#51)

with 0<m<N—1 and 0<n< N—1, whose precise form can be found
from the z* expansions of 4 and 1/¢ in (4.50). Such quantities indeed give
contributions to 1/¢ of order z?Y/(I'— 4)**~1 by virtue of

o drpd fg\THm =4 N1 al 1
Ja' 0_4 (;> [11‘1(;):’ zmn+1(r_4)n+l (452)
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This linear combination is the extension of the expression (4.13) for C *)(r)
to higher orders.

We stress again that the above results must be understood as the limit
forms of the quantities of interest, in the dielectric region close to the criti-
cal point {(I"=4, z=0), where both z and (I"— 4) are small parameters. For
instance, the interpretation of (4.50) is the following: at small but finite
values of z and (I"—4), the charge—charge correlation C(r) in the dielectric
phase has a large-r expansion of the form

6222 o]

PN
222 Y (o T—4) <9> +R(r) (4.53)
ot Vo r
with py < p, < --- and where the remainder £(r) decays faster than (o/r)?¥
for any N in the whole considered region. In the limit where both z and
(I"—4) go to zero, with the ratio 8zz/(I"— 4) kept fixed, the amplitudes .7,
behave as

Ay(z, I'—4)~ A\ 8rz/(I"—4)) (4.54)

and the powers p, collapse to 4 according to

pN—4~(N+1)(?—4>~(N+1)(r—4)[1—<1§i24> }1/2 (4.55)

for all N and 8nz<I'—4.

4.3. Comments

The systematic resummation of the low-fugacity expansions provides
exact expressions for the limit forms of the quantities of interest in the
dielectric region, near the zero-density critical point. These exact calcula-
tions starting from first principles are in perfect agreement with the predic-
tions of the renormalization group. For instance, we find that the dielectric
constant does have a singularity on the transition line calculated with the
RG methods.">!'>) Tt turns out that this singularity coincides with the
divergence of the low-fugacity series for 1/e. This situation is a bit unusual,
since, in general, the divergences of such expansions arise from singularities
in the complex plane which are not associated to physical phase transitions
(as in the liquid-gas problem). Furthermore, our study confirms that, at
least for small values of (1" —4), the effective coupling constant characteriz-
ing the fixed point of the RG flow equations can be identified with I'/e, as
suggested in the literature. Indeed, such an identification exactly gives the
resummed expression (4.38) of 1/e and the power /¢ involved in the
large-distance behavior (4.44) of C(r).
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Our approach also provides a more rigorous foundation to the idea of
the iterated mean-field approach originally introduced by Kosterlitz and
Thouless.”” This theory takes into account the polarization of the smaller
pairs by a larger one: the interaction energy of a given pair is equal to the
potential of a single pair in the vacuum multiplied by an effective coupling
constant which depends on the size of the pair, as if the latter were immer-
sed in a polarizable medium. In our approach, the screening of large pairs
by smaller ones is described by the operator (), and the equations of
the iterated mean-field theory are recovered in a very natural way, without
any a priori assumptions. In fact, our study shows that the effective pair
correlation appearing in the latter theory can be indeed identified with the
charge—charge correlations of the system. We stress that one of the crucial
points which allow this identification is the cancellation of the 1/r* leading
terms in the large-distance behaviors of the particle correlations p” , and
ph .

At finite values of z and (I"—4), i.e., at finite densities, the extension
of the above results is rather questionable. Then the critical value of z (for
a given I'>4) may still coincide with the radius of convergence of the
low-fugacity expansion of 1/, but the asymptotic behavior of C(r) should
no longer be proportional to (o/r)’”. Indeed, the behavior (4.44) is the
consequence of two circumstances, (i) 1/¢ is entirely determined by the
large-distance behavior of C(r), and (ii) a given pair is only screened by
smaller pairs.

At finite values of (I"—4), these circumstances are not met, since the
contributions to 1/¢ from the finite distances in (2.8) as well as the
screening by larger pairs cannot be neglected. In fact, the similarity of
(4.44) to the corresponding behavior of the pair correlation between two
infinitesimal external opposite charges is rather accidental and specific to
the limit 7”— 4*. Another argument supports the above considerations: for
I sufficiently large and z small enough, the possible (g/r)’” terms decay
faster than the 1/r° terms which arise in the multipolar expansions of p” |
and p”. _ and which do not cancel out in C(r). For such values of I, the
KT transition should become a first-order transition between a dielectric
gas and a conductive liquid.®

All our results obviously apply to any CG, i.e., with any kind of short-
range potentials. The key quantity in the corresponding resummations is
the integral

jdt expl — v, _(1)] 2 (4.56)

which is the equivalent of (3.13). In the limit I"— 4™, this integral diverges
as
2L/ —4) (4.57)
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In (4.57), L is the length which appears in the asymptotic logarithmic
behavior of the potential: it also characterizes the scale where short-range
interactions die out and Coulomb forces take over. Consequently the
resummed expressions of 1/¢ and of C,(r) are merely obtained by changing
o into L.

On principle the resummation techniques should also allow one to
calculate the coefficient of the 1/r* terms in the large-distance behaviors of
p%, and p’ _ near the zero-density critical point. This amounts to
calculating the limit form of the dimensionless coefficient «,, (") involved
in (3.22) when I"— 47, for any N. We expect that, according to an analysis
similar to that for C(r), a,y(I") should be proportional to 1/(I"—4)*V 2,
and the sizes in [z/(I"—4)]* for p” , and p” _ should have the same
radius of convergence as 1/e, or maybe a smaller one. Indeed, for 8nz >
I"— 4 the system is in its conductive phase and the particle correlations are
expected to decay exponentially, a behavior which is not compatible with
the convergence of the low-fugacity expansions. Notice that the amplitude
coefficients 4 5 in the large-distance expansion (4.50) of C(r) do vanish on
the transition line, ie., for 8nz=1I—4: this is in agreement with the
appearance of the above exponential decay.

5. ANALYSIS OF THE BGY HIERARCHY

In this section, we study the large-distance behavior of the particle
correlations starting from the BGY hierarchy equations. For this purpose,
we consider a symmetric version of the CG, with potentials

ve ()=v_ ()= —v, (r)=e’(r) (5.1)

where v(r) is differentiable everywhere. For instance, one may choose

v(r)z{—ln(r/a), r>ag

[1—(fe)], r<o -2)

which corresponds to a parabolic regularization at the origin of the
Coulomb potential (2.3) (this potential is the same as that created by a
uniformly charged disk). In Section 5.1, we derive a new exact expression
of 1/¢ in terms of the dipole of the charge cloud surrounding two opposite
fixed charges of the medium. This identity, valid in both conductive and
dielectric phases, is obtained through manipulations of the BGY equations
for p7 , and p” _, which are inspired by those by Martin and Gruber."®)
In Section 5.2 this identity is used to show that some particle correlations
cannot decay faster than 1/r* in the dielectric phase. In Section 5.3 we show
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that the decay scenario for the particle correlations suggested by the
analysis of the low-fugacity expansions is compatible with the large-dis-
tance structure of the BGY equations. Throughout all this section, we shall
assume that the BGY equations are satisfied in the homogeneous infinite
system.®

5.1. The Dielectric Constant in Terms of a Dipole

Our starting point is the linear-response expression (2.8) which relates
1/e to the second moment of the charge correlation C(r). The required
identity for 1/e is obtained by calculating this second moment in terms of
the dipoles of three-body correlations, through manipulations of the BGY
equation for C(r). First, we derive the latter from the BGY equations for
p” . and p” _. Then, we formulate a set of clustering assumptions which
ensure the convergence of the integrals appearing in the BGY hierarchy as
well as the validity of the above manipulations. The new expression
obtained for 1/¢ is finally checked in the zero-density limit.

The BGY equations for the two-body densities p” , and p” _ read

V2P£+(r1a rz):.BezF(rZ_rl)piJr(rl’ 1)
+ Be? f drs F(ry—r3)[ph , ((ri, 15, 13)

'—pi+~(rlsr2:r3)] (533)
Vzpi_(rn )= _ﬂezF(rz-rl) pif(rlr ry)

+ pe? J' dr, F(r2~r3)[p£,,(l‘1, Iy, T3)

_p£~+(r1=r2>r3)] (53b)
where F(r) is the force deriving from the potential v(r), ie.,
F(r)= —Vu(r) {5.4)

It is useful to rewrite (5.3a), (5.3b) in terms of the fully truncated densities,
ie, the particle correlations. For this purpose, we use the well-known
relations

Pos(T1s 1) =p+pJ (ry, 1)) (5.3)
p513253(r1’ I, l'3) =p3 + pp;;sz(rl’ r2) + pp57;53(r1a r3) + pp;sg(rb r3)
+ 08T, 1o, 13) (5.6)

® The validity of the BGY equations for the correlations of the infinite system has been
proved, at sufficiently high temperature, by Fontaine and Martin.?”
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and we introduce the total charge density Q, .. (r,---r,|r)induced at r in
the medium by n charges s;e fixed at r, (i=1,.., n), ie.,

Q ( l ) e[p51---sn+(r1’--~7 rnar)—psl“'xn*(rl’"" rn’r)]
r1 RS o r =
51 Sn n pSl ---s,,(rl""’ rn)

+ Z 5;€0(r—r;) (5.7)

i=

From these definitions, we easily find
Vzpi L(r, )= pe’F(r,—r,) PZ Arr)

+ Bep? | dry Fir,—13) Q. (1, I1,)

+ e’ J dr, F(rz—r3)[p1++(r1, I, 13)

_p§_+—(r1:r29r3)] (583)
V2p£7(r19 r?,): -—-BEZF(TZ—I'I) pi—(rla rZ)

— Bep? [ dr; Flr,—13) 0, (ryI13)

+pe* [ dry e, —r)[ph (v, 15, 15)

—pfr,+(r1,r2, r3)] (5.8b)
For the present symmetric CG,
Clrp)= 262[!’1 L) —pl (r, 1)1 +2e%pd(r; —1,) (5.9)
Then the BGY equation for the charge correlation directly follows from the
subtraction of (5.8b) to (5.8a), i.e,,

VL[ Cl(ryy) — 23295(1'1 —1,)]
—28e%p J drs F(t,—13) Clris) + 28e j dr, F(r,—rs)

X [p£++(r1’rZsr3)_p£+f(rlrrzsr3)+p£+(rl7r2)6(r3’rl)

+p£_+(l'1, I, rs)“PiA_(rb I, r3)+p£\(r1, ) o(r;—r,)]
(5.10)
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In deriving (5.10), we have also used

C(riz)=2epQ  (r]|r3) (5.11)

which is an obvious consequence of (5.7) with (n=1, s, = +) and (5.9).

In order to ensure the convergence of the integrals in the rhs of (5.8a),
(5.8b), and (5.10), the two- and three-particle correlations must have a
minimal decay when one particle is sent to infinity. It is easy to check that
a 1/r' *° decay (6 >0) makes the above integrals absolutely convergent. In
the following, we shall assume stronger clustering properties, namely

cst
105 02l <5775 (5.122)
12
cst
C(r12)<r7;g (5.12b)
12
Ns(Inf(ry, i)
1P s2sa(T1s T2 T3 <—3—r5‘+l;_k]— (5.12¢)

I

N,(Inf(ry, rkj)a Inf(r;, "g,-))
i+5
i

(5.12d)

!p£s253s4(r19r25r3’r4)| < P

where N;(r) and N,(r, s) are bounded functions of r and s such that
F2FONL(r), r1TPN,(r, 5), and s' T°N,(r, s) are also bounded. The clustering
assumptions (5.12) should be always satisfied. Indeed, an exponential decay
of the correlations is expected in the conductive phase, while the algebraic
decays in the dielectric phase suggested by the low-fugacity expansions are
compatible with the bounds (5.12). Note that the latter imply the perfect
screening sum rules (see, e.g., ref. 28)

jdr C(r)=0 (5.13a)

fdr 04,(Fy, T2]1) =0 (5.13b)

which are indeed expected to hold in both phases.

In order to calculate the second moment of C(r), we use a method
first introduced by Martin and Gruber.*®) Let us multiply each side of
Eq. (5.10) by (r, —r,) and integrate the resulting equality over r,. If we
take into account the translation invariance of the homogeneous infinite
system which allows us to change V, into —V, in the lhs of (5.10), we then
obtain
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= [ dry (1, =12) V,[Cr1) ~ 26%0(r, — 1)
=2pe%p [ dr, (r,— ;) [ dr; B, —15) Clr)

+2[3e4fdr1 (rl—rz)-Ja’r3 F(r,—r,)

X {p1++(r17r2a r3)+Pi_+(r1a1'231'3)_Pf.+—(r1,r2:r3)

‘pf—f—(rl’ I, l'3)+ [pf—+(rl’r2)+pi—(rl7 rZ)] 5(r1—r3)}
(5.14)

The left-hand side of (5.14) is easily calculated via an integration by parts,
—[dr, (1, — 1) Vi[C(r12) — 26%5(r13)]
= [ dr, [Cr) = 2e%08(r2) 1V, (1, = 12)

=2 j dr, C(r,) — de’p
— 4 (5.15)

where the last line follows from the perfect screening sum rule (5.13a). Note
that the contribution from the surface terms in the integration by parts
vanishes by virtue of (5.12b). For calculating the first term of the right-
hand side of (5.14), we split the force F into a short-range part FS® and the
long-range Coulomb part Fo= —Vu:

28 [ dry (1, = 1)+ [ dr, Firs—r3) C(rya)
=2Be’p f dry(r;—ry)- j dry FSR(r, —r1;) C(ry3)
+2pe%p [ dr, (1,—1,)- [ dr; Felr,— 1) Cryy) - (5.16)

In the first integral of the rhs of (5.16), we can invert the integrals over r,
and r, because the decay of (r, —r,) F5%(r, —r;) C(r,;) at infinity for any
configuration (r,, r;) is sufficiently fast to ensure absolute convergence. We
then obtain
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2Be’p J dr,(r;—r,)" J dry F3*(r, —13) C(r,5)
=2pBe’p j dry FS¥(r, —15) - f dr, (r,—r,) C(r5)
=2Be%p J dry FSR(r, —r3)

X [J dry (ry—r3) Clris) +(r;—r3) J dr, C(rm):l

=0 (5.17)
since the net charge fdr 1 C(ry3) identically vanishes by virtue of the perfect
screening rule (5.13a), while the dipole | dr, (r, —r,) C(r,5) also vanishes
because of the rotational invariance of the homogeneous infinite system. In
the second integral of (5.16), we write (r, —r,)=V,(r},/2) and we perform
an integration by parts. The surface term does not give any contribution
because the bound (5.12b) implies that [dr; Fe(r,—r;) C(ry5) decays

faster than 1/r}; %, and consequently |r{, | dr; Fe(r,—r3) C(ry;)| goes to
zero when r, — co. Using also

V, [ dr, Fe(t,—1,) Clris) = =V, [ drs Fe(r—1,) Cryy)
= —[dr; C(ri) Vo Felr,—13) - (5.18)

which follows from the translation invariance of the homogeneous infinite
system, and

V, Felr, —13) =276(r, — 13) (5.19)

we finally find
2Be’p J dry(r;—ry)" f dry Fe(ry—r;) Clrys)
= 2nfe’p j dr PC(r) (5.20)

In the last integral of the rhs of (5.14), we can first perform the integration
over r,;, because the full truncation of the distribution densities inside the
brackets [ ---] together with the bounds (5.12a), (5.12¢) and the 1/r decay
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of F ensure absolute convergence. This leads to the sum of the following
integrals:

Jdl} (rl“rz)[Pi++(r17 I, r3)—pi++(r1, I, r3)+P£+(r1a ry) o(ry—r;3)]

(5.21a)

[dr (ri=r)lpT L r)=p (o r) 49T (1 12) (1, = 13)]

(5.21b)

where we have used the symmetry relations p’ _=pT . and
pt ,_=p"__. According to the definitions (5.5)-(5.7), O, . (r,,r;5r)
and Q_ (r,, rsy|ry) can be rewritten as

Q. (ry,r3ir)= [pi++(r1,rz,r3)—pi++(rl,rz,r3)

Py 4(ry,13)
+pp’ () +ppl (ry,ry)

—PP{JF(TD 1'2)—/’/)i L, rs)]
+e[d(r,—r3)+0(r;—ry)] (5.22a)

Q_ i (ry,r50ry)= [Pif.y(rn1'2;"3)—Pz_+(1'1,rz,r3)

FERCNS
+ppl (v, 1) +ppl (i, 15)

—ppT _(r, ) —ppT L (ry,15)]

+e[d(r;—r13)—d(r; —r15)] (5.22b)

Let p, . (r,,r5) and p_, (r,,r;) be the dipoles carried by the charge
distributions Q _ _(r,, r5|r;) and Q_, (r,, r3|r;), namely

Py i(rars)=[drir, 0, (,msry) (5.23a)

Pyt r)=[drr 0 (0 ms]ry) (5.230)
it is easily checked, by using (5.22), that the integrals (5.21a) and (5.21b),
respectively, reduce to

1
2p++(r2,r3)p++(r2,r3) (5-24)
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and

1
;pk+(r2,r3)p,+(r2,r3) (5.25)

[in this identification the perfect screening rules (5.13) are also taken into
account as well as the rotational invariance of the homogeneous infinite
system ]. Thus, the last integral of the rhs of (5.14) becomes

2pe* [dr, (1, =12)- [ drs B —r)[pT L (b ms) 497 (1,10 y)

wp74;+—(r1’r27 r3)~p7;__(r1,r2, r3)

+P1+(r1a rz)é(rl_l'})‘f‘/)i—(rl,rz) o(r, —r3)]

= 2pe? j ArF) [p. (NP @ +p_ (1)p_, )] (5.26)

withr=r,~ryand p, ,(t)=p, ,(r5, 13), p_ . ()=p_ (r,, r3). Replacing
the various terms of Eq. (5.14) by their expressions (5.15), (5.17), (5.20),
and (5.26), we find

fe

ORI O) FNUEVRNET BN
0

(5.27)

%ﬁjdr r’C(ry=—1—

If we insert this expression for the second moment of C(r) in (2.8), we
finally obtain the required expression for 1/,

1 —
S a k) o e @ 0] 528)
P

The integral in (5.28) does converge since p. ,(r) and p_ , (r) decay faster
than 1/r' *% as a consequence of (5.12c).

We stress that the identity (5.28) is valid in both conductive and
dielectric phases. In the conductive phase, the dipoles p, ,(r) and p_., (r)
identically vanish as a consequence of the multipole sum rules.®?*) Then,
the rhs of (5.28) also vanishes, and we recover that ¢ is infinite. In the
dielectric phase, p . (r) still vanishes for symmetry reasons. However, since
1/¢ is finite, there exists a nonzero measure ensemble of values of r, such
that p_ _(r) is different from zero. This result is well supported by the
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physical picture which describes the dielectric phase as a system of neutral
dipolar molecules.

The identity (5.28) can be checked in the dielectric phase at the lowest
orders in z* by replacing the quantities of interest by their low-fugacity
expansions in (5.28) and (2.8), respectively. For instance, one finds at the
zeroth order from (2.8)

<1)(0) =1 (5.29a)
&
On the other hand, the identity (5.28) gives
1\©
(1) =2 ] dro® 0 FG) 2,0
- pe 2 2 .
= T dr e BT [ dr 22 expl peu(r)] [~ Vo(r)] - (~er)
1 2
= _2jdr xpLBe(r)] Jdrr-Vexp[ﬁe v(r)]
=1 (5.29b)

which does coincide with (5.29a), as it should be. Checking the identity at
the order z* is more cumbersome and involves the manipulations of
non-absolutely convergent integrals (see Appendix B).

5.2. Existence of Dipole-Dipole Correlations

As mentioned in Section 2, the violation of the Stillinger—Lovett sum
rule implies that some correlations have an algebraic decay in the dielectric
phase. Here, starting from the existence of the nonvanishing dipole p_
we give strong arguments which suggest that p” , _, should decay as 1/r*
(similarly to the dipole—dipole potential) when two neutral pairs are
separated by a large distance r. This nonperturbative result corroborates
the findings relative to the term-by-term analysis of the low-fugacity expan-
sions of the particle correlations (see Section 3). The coefficient of the
above 1/r? behaviour is related to p_, and 1/e via integral expressions,
which can be viewed as sum rules. The whole study is carried out through
the inspection of the asymptotic structure of the BGY equations for the
three-particle correlations. We give the detailed inspection only for p” _ | .

The BGY equation for p” ., (ry,r,,r3) directly follows from the
corresponding equation for the three-body density p_, . (r;,r,,r3).
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Expressing also the four-body densities in terms of the particle correlations
and using (5.7), (5.8), one finds

V3pi++(l‘1, l'2, r3)

= ﬁez[F(r3 —1,)—F(r;—r)]p” e (T, 1ry,r3) (5.30a)
+BepT (1, 15) [ dr Fr,—1,) pQ (1 1) (5.30b)
+BepT (12, 15) [ dry By —1,) pQ_(x, 1) (530¢)

+Bep | dryFies—r)[p_ (1, 12) {1y, xalrs)

—p*Q _(ry[rs) —p?Q . (r2r4)] (5.30d)

+ Be? f dry F(r;—1,)

x[p? ., (x5, 1) —pT L, (r,r5,15,1,)] (5.30e)
Let us study the asymptotic behavior of the three-body mean-field term
(5.30d) when r; is sent to infinity, r, and r, being kept fixed. For this, we

first split F into a short-range part F5® and the long-range Coulomb part
F.. The term (5.30d) can then be rewritten as

Pep f dry F3¥%r, —ry)[p_ (1) Q0 L (ry,rplry)
—szf(rl|r4)—p2Q+(r21r4)] (5.31a)
+Bep | dryFe(ny—r)[p_ . (1, 12) Q_ (11, 1]r,)

—p*Q _(r,|ry) —p?Q , (r3]14)] (5.31b)
Since FS® has a compact support, (5.31a) decays as
[p_+(ri,12) O (ry, 1a|r3)~p2Q (ry|r3) —p?Q , (r;]r;)]
ie, faster than 1/r} by virtue of the bounds (5.12a), (5.12¢). The quantity

(5.31b) is proportional to the Coulomb field at r, created by the localized
charge distribution

pos(ry,r)Q (g, rz!r4)—P2Q7(r1 |r4)*P2Q+(rzlr4) (5.32)

822/66/1-2-14
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Therefore its asymptotic expansion for r; large is given by the familiar
multipolar expansion with respect to the successive multipoles of (5.32),
plus a remainder E®), (r, r,|r;) which obeys the Poisson equation

Vi E®) (1, rp(r3) (5.33)
=2nfeplp_, (r, 1) Q_, (ry, 5]r3)—p?0 _(r[r;)—p*Q  (ryr3)]

The bounds (5.12a), (5.12c) imply that E®), (r;, r,|r;) decays faster than
1/r3. In the multipole expansion, the monopole 1/r; term vanishes because
of the perfect screening sum rules (5.13). However, the dipole 1/r3 term
does not vanish in general, because the dipole of the charge distribution
(5.32) reduces to p_  (r;,r,)p_,(r;,r,). Consequently, we find that
(5.30d) behaves as (F;=r,/r;)

[p_. (ry,m)—2F5-p_, (r, 1) f5] (5.34)

2
r3

—Pepp _ . (ry,15)

when r; > o0 with (ry, r,) fixed.

The leading 1/r3 term (5.34) of the asymptotic expansion of (5.30d)
must be compensated by another 1/r3 contribution arising either from the
lhs of (5.30) or from the quantities (5.30a)-(5.30d). Taking into account the
bounds (5.12a), (5.12¢), we immediately see® that the Ihs of (5.30) as well
as (5.30a) decay faster than 1/rj. The asymptotic behavior of the two-body
mean-field terms (5.30b), (5.30c) can be studied like that of (5.30d). Since
Q ,(ry|r,) and Q_(r,|r,) do not carry any monopole or dipole, these
terms decay faster than 1/r;. Thus, the sole 1/r3 contribution which can
cancel (5.34) arises from the four-body term (5.30e), ie.,

e[ dr e —r)[p” (s T ) —p7 (11,15, 1,)]

P (r,r)—=2[f p_,(r, )]k,

2
r3

~ —pp_(r;,1;) (5.35)

when ry — o0, (r,, r,) being kept fixed.

The above analysis can be repeated for the BGY equations relative
to pT, (r,r,,13), pt, ,(r;,ry,13) and p” . (r;,r,,1;). Similarly to
(5.35), we find

e j dl’4 F(r3—r4)[pf+4+(r1, r,, Ijs, r4)—pi+4_(r1a I, Is, r4)]

P (r,m)—2[fp_,(r,, )], (5.36)

2
3

~—pp_(r;, 1)

9 For this, we implicitly assume that the large-distance expansions of the particle correlations
do not involve oscillating terms like (cos ##)/r* with v — p<3.
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whereas, since p, (1, r,)} =0,

edeA F(r3—r4)[p£+++(r1, I, I, r4)—p£++‘(r1, Iy, 13, 1,)] :0(1/"§)
(5.37)

and

e [draFry—r)lp] (1,5 rs,r)—pT . (Fi s 15,1 ] = 0(1/r)

(5.38)

From the asymptotic behaviors (5.35), (5.36), it is very natural to
guess that there exist four-particle correlations which only decay as 1/r? for
some specific configurations of r;, r,, r5, r,. In fact, we conjecture that such
correlations and configurations correspond to two far away neutral pairs,
i.e., one should have (R=R/R)

D_, . (ri—ry, ra_r4§R)
RZ

(5.39)

pz+,+(l'1, I, Is, l'4)~

when R = (r;+r,—r; —r,)/2 is sent to infinity, (r; —r,) and (r; —r,) being
kept fixed. All the other four-particle correlations or configurations should
lead to decays faster than 1/r% This conjecture is compatible with the exact
behaviors (5.35)-(5.38) and with the term-by-term analysis of the low-
fugacity expansions. Therefore we believe that (5.39) is the true behavior in
the whole dielectric phase, although this form cannot be derived in a
rigorous deductive way from the exact results (5.35)—(5.38).

The function D_, _ ., coefficient of the 1/R* term in (5.39), obviously
satisfies the symmetry relations

D, _ (t,;R)y=D__, __(t',t; —R) (5.40a)
D7+,)+(‘t/s —_t(,;ﬁ):D—+,~+(t/’ t”;ﬁ) (5.40b)
D_ . _ . (t,—t;R)=-D_, __ (t,t;R) (5.40¢)

where et'=e(r,—r;) and et”=e(r,—r;) are the dipoles carried by the
pairs #'={@r,, Or,} and 2" = {P ry, O r3}. Furthermore, we easily
obtain from (5.36)

€ j dt’ F(t”) D_ +, — + (t’, t”; ﬁ) = —pp_ +(t/)[p— + (t,) - Z(R ‘P-4 (t’))ﬁ]
(5.41)
Multiplying each side of (5.41) by F(t') and integrating over t’, we get

f dt' " F(t)-F(t")D_, _ (t,t;R)=0 (5.42)



210 Alastuey and Cornu

which follows from the colinearity of F(t’) with p_ _(t'). On the other
hand, a first projection of (5.41) over R, followed by the multiplication of
the resulting equality by R-F(t’) and an integration over t’, leads to

Jdt’ dv' [R-F(t)][R-F(t')]D_,  (t,t;R) =ﬂ—i% (543)

In deriving (5.43), we have also used the relation (5.28). The identities
(5.41)—(5.43) are expected to be valid at any finite density in the dielectric
phase. In Appendix C, we check that the identity (5.41) is indeed satisfied
at the order z° included for D_, _, [the identities (5.42) and (5.43),
which are immediate consequences of (5.41), are then also satisfied].

The above 1/R* decays can be interpreted as resulting from dipole—
dipole interactions. However, we stress that the precise form of (5.39)
cannot be rewritten as the dipole—dipole potential between the two pairs &’
and £ renormalized by the multiplicative factor 1/e, even near the zero-
density critical point [see the expression (C.8) for D, _ 1. Thus, the
intrinsic correlations between two far away dipoles of the medium do not
behave as the effective correlations between infinitesimal external dipoles
immersed in the medium. This confirms that the 1/r'/¢ decay of C(r) is very
peculiar to this quantity and to the limit ' — 4+,

5.3. A Plausible Decay Scenario

In the previous subsection we gave strong arguments indicating that
p” ., _, decays algebraically as 1/r> when two neutral pairs are separated
by a large distance r. In fact, all the particle correlations should decay as
power laws in the dielectric phase, as suggested by the analysis of the
low-fugacity expansions. Here, we present an algebraic decay scenario for
the two- and three-particle correlations inspired from this analysis. This
scenario is shown to be consistent with the asymptotic structure of the
BGY equations (5.8). Furthermore, we discuss the hypotheses of the condi-
tional theorem of Alastuey and Martin,*® which are violated in the
present scenario.

The two-particle correlations should decay as the square of the dipole—
dipole potential (see Section 3), ie.,

B..
"‘112
B_. _
pl ()~ (5.44b)

I

p£+(r1,r2)~ (5.44a)
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when r;, — o0, where the constant coefficients B, |, and B, _ are identi-
cal. Consequently, the charge correlation C(r;,) decays faster than 1/r},,
ie.,
C
Clrp)~—ps  Fa—® (5.45)
rPO

12

where C, is a constant coefficient and the power p, is strictly larger than
4, When one particle is sent to infinity, the three-particle correlations
should decay like 1/r*. Typically,

B++’+(r1—r3;f2)

1
ry

(5.46)

P£++(r1’ r2’r3)~

when r, > oo, with r,, r;, £, kept fixed, and the other three-particle
correlations have similar behaviors. When the three relative distances r,,,
713, I3 become large, these three-particle correlations should decay as the
product 1/(r},r?,r3,) of the dipole-dipole potentials. For instance,

D+,+,+(917 92’ 93)

37 2 .2
ISTISTILS

(5.47)

p1++(r1’r2’r3)~

when ry,, #13, rp3 = o0, the angles 8,, 8,, 6, of the triangle (r, r,, r;) being
kept fixed. Finally, there exist uniform bounds of the kind

PT () <2 (548)
Fip
with r=1Inf(r;, r5;) and M(r) a bounded function which goes to zero as
r— 0. Note that the behaviors (5.46), (5.47) are compatible with the
bound (5.48).

The large-distance behaviors of the various terms of the BGY equation
(5.8a) for pT  (r,, r,) are now determined from the above decay scenario.
Assuming that the corrections to the leading term (5.44a) in the asymptotic
expansion of p” | are monotonic, we see that the lhs of (5.8a) behaves as

4B, , .
Vapl (0 r)~ ——= 1) (5.49)

rs

when r, — o0 with r; =0 fixed. In the rhs of (5.8a), the behavior of the
self-term is obvious,

2
B
Be’F(r;) p’, (0, r2)~&—r§’—*—f2, Fy— 0O (5.50)

2
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The mean-field term proportional to the electric field created at r, by the
charge distribution Q ,(0|r;) can be computed from Newton’s theorem,
since Q_ (0|r5) is invariant under rotations. This gives

nBpC, A

ity e (55D
0 2

Bep? [ drs F(r,—15) 0, (0]r3) ~ —

where we have taken into account the relation (5.11), the perfect screening
rule (5.13a), and the decay (5.45). The determination of the precise
behavior of the three-body term would require additional assumptions on
the decay of p” ., and p’, _, which cannot be easily guessed from the
term-by-term analysis. However, Lemma L1 in ref. 30, whose hypotheses
are satisfied by the uniform bound (5.48), can be applied here, with the
result

Bez f dl'3 F(rz*‘r3)[ﬂi ++(05 r;, 1'3) ’_p7+ﬂ+7(03 I, l‘3)]
=o(1/r}), Py — 00 (5.52)

The large-distance behaviors (5.49)—(5.52) are consistent with the BGY
equation (5.8a). Indeed, the multipolar 1/r; behaviors (5.49), (5.50) should
be compensated by the contributions to the three-body term of the regions
r; close to 0 and r; close to r,, respectively. On the other hand, the 1/r2°~!
behavior (5.51) should be compensated by contributions to the three-body
term arising from the intermediate region between (0 and r, [this cancella-
tion is compatible with the decay (5.52), since po— 1 is strictly larger
than 37.

The algebraic decay scenario corresponding to Egs. (5.44)-(5.48) must
violate at least one of the hypotheses of a conditional theorem which
precisely excludes monotonic power-law behaviors in a multicomponent
Coulomb fluid.®” This theorem specifies that if there exists some real
power v > 2 such that

(1) psjl‘sz(rlﬁrZ)NAslsz/r;’ F; >0
(11) pg;szq(rl’rzsr3)<M(r)/r;5 r, —> 0
(i) s,8,4,,<0
then the constants A, necessarily vanish whatever v is. The clustering
assumptions (i) and (ii) with v=4 are satisfied by the above decay
scenario. However, the assumption (iii), which stipulates that p” , and
p” _ have opposite signs at large distances, is not fulfilled here, since p7
and p”  become in fact identical when r, > (B, , =B, ). This
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assumption is crucial for the derivation of the conditional theorem, because
it implies that the charge correlation decays like the particle correlations:
the mean-field term in the BGY equation for p:TlSZ(O, r,) then behaves as
1/r3~ " when r, - oo and cannot be compensated by any other term. In the
present scenario, the charge correlation decays faster than the particle ones,
and this allows cancellations between the mean-field and three-body terms.
Physically, the hypothesis (iii) amounts to assuming that the sign of
the particle correlations is determined by the electrostatic attraction or
repulsion between the considered charges. This should be true at high
temperatures, but no longer holds in the dielectric phase, where the forma-
tion of neutral molecules is the crucial phenomenon.

The above algebraic decay scenario can be extended to the four- and
higher-order particle correlations. When one particle is sent to infinity,
these correlations always decay as 1/r*. When two groups of two or more
particles are separated by a large distance r, the corresponding correlations
decay as 1/r” if each group carries a dipole, as 1/r* if one of these dipoles
vanishes, or as 1/r* if both vanish. The slower decay of the particle correla-
tions for these specific configurations is essential for ensuring the con-
sistency of the whole algebraic scenario with the full BGY hierarchy.
In particular, in the BGY equation relative to Vnpz;‘__Sn(rl,..., r,), the
multipolar  field created at r, by the charge distribution
Qs (15t ylr, ;) is compensated by the contribution to the
integral term,

J.drn-kl F(rn_rn+1)[ps7;-~»s,,+(r1="" rn+1)~p§---sn_(rla"'7 rn+1)]

of the region r, . , close to r, (this cancellation is studied in detail for n =3
in the preceding subsection).

6. CONCLUSION

Resumming the usual low-fugacity expansions near the zero-density
critical point, we have calculated the large-distance expansion of the charge
correlations in the dielectric phase as a sum of inverse power laws. Qur
first-principles approach allows us to retrieve some predictions of the RG.
In particular, the exponent of the leading term in the above expansion is
found to be the coupling constant I" renormalized by the dielectric constant
g, in agreement with the conjectured value of the effective coupling constant
at the fixed point of the RG flow equations (the latter has to be identified
with the above critical exponent). Moreover, we give a precise mathemati-
cal foundation to the physical idea of screening of a large pair by smaller
pairs introduced by Kosterlitz and Thouless in the heuristic iterated mean-



214 Alastuey and Cornu

field theory. We also have studied the large-distance behavior of the par-
ticle correlations in the dielectric phase at finite densitiecs. A term-by-term
analysis of the low-fugacity expansions combined with a survey of the BGY
hierarchy equations provides a plausible algebraic decay scenario very
similar'® to what happens in a system of permanent dipoles. We stress that
the four- and higher-order particle correlations may decay slower than the
two-particle ones for some specific configurations, typically as slow as the
1/r* dipole—dipole interaction potential. This slower decay of the higher-
order particle correlations is essential for ensuring the consistency of the
algebraic scenario with the BGY hierarchy.

Our analysis of the particle and charge correlations is of course no
longer valid in the conductive phase, where an exponential clustering is
expected. For instance, the nested-pair resummation processes near the
zero-density critical point break down for 87z > I"'—4, as signaled by the
corresponding divergences of the quantities of interest. At the transition
line 87z = I"—4, the coefficients of the inverse power laws involved in the
large-distance expansion of C(r) vanish: this announces the exponential
decay of C(r) in the conductive phase. A precise study of the latter
behavior would require resummations of the low-fugacity expansions “a la
Debye-Hiickel.” These resummations should be much more intricate than
the usual resummation of the chain diagrams valid in the weak-coupling
regime®?) because the charges are strongly correlated near the zero-density
critical point however small their density is. Heuristic theories>** provide
estimations for the divergent behavior of the correlation length when the
transition line is approached from the conductive phase. They rely on the
physical idea that the effective density of free charges goes to zero in this
limit (almost all the positive and negative charges are bound in neutral
molecules). A precise formulation of this idea in a rigorous statistical
description should be a key step in the systematic resummations near the
transition line.

The KT transition characterizes a change in the formal linear response
of the infinite system to infinitesimal external charges. This change
corresponds to different large-distance behavior of the translationally
invariant intrinsic correlations and allows an unambiguous definition of
both dielectric and conductive phases. However, a natural question con-
cerns the status of the KT dielectric phase with respect to the usual macro-
scopic definition of a dielectric material. In particular, does the total

91t turns out that this kind of algebraic decay scenario also should be observed in quantum
Coulomb fluids for any values of the thermodynamic parameters, as shown by Alastuey and
Martin.*" In the quantum case, the existence of algebraic tails in the equilibrium particle
correlations is linked to intrinsic quantum fluctuations and does not require the formation
of neutral entities.
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polarization of a large finite sample submitted to a weak external electric
field behave in the thermodynamic limit as predicted by the laws of macro-
scopic electrostatics''? In fact, the validity of such laws is ensured by a very
peculiar behavior of the finite-volume correlations near the boundaries of
the sample, as shown by Choquard et al.®* These authors start from the
microscopic representation of the dielectric susceptibility tensor and deter-
mine its behavior in the thermodynamic limit for some simple models
where explicit expressions of the correlations are available. Such an
analysis applied to the present system should provide a better understand-
ing of the macroscopic electrical properties of the KT dielectric phase.

A special version of the CG where one species (the “ions™) is fixed at
the sites of a lattice has been studied by molecular-dynamics simula-
tions. > At small densities, this model exhibits a KT transition near I'=4.
This can be shown®® by rephrasing the original thermodynamic argument
by Kosterlitz and Thouless!” or by using a “spin-block” method. Our
resummation techniques could be applied to this model in the canonical
ensemble. We expect the charge and two-body “electron” correlations to
have similar decays as those found here, when these correlations are
averaged over the cells.*® Without any average, the electron—electron
correlation is the analog of p” , . and should decay as 1/r> At high
densities the KT transition should become a ferroelectric one.®”)

In the conductive phase, all the particle correlations have the same
kind of exponential decay at large distances. This phase can then be
qualitatively described by approximate theories based on the familiar
closures of either the BBGKY or the BGY hierarchy. For instance, the
well-known Vlasov approximation has been applied®® to the fixed-ion
version of the CG. Such theories fail in reproducing the appearance of the
KT diclectric phase at low temperatures because they automatically
exclude possible slower decays of the higher-order correlations.

Finally, we mention the existence of various solvable one-dimensional
models with logarithmic interactions.®®’ These models undergo transitions
of the KT type characterized by a qualitative change in the large-distance
behavior of the correlations (however, in both high- and low-temperature
phases, the decay of the latter is algebraic). The study of these transitions
within the RG techniques or the methods introduced in the present paper
should usefully complete some available explicit exact results.*”

1 Here we only consider the linear response of the sample. However, the true response might
be seriously affected by the following ionization mechanism, which is not taken into account
by a first-order perturbative treatment of the external field. Indeed, however small the latter
is, it is sufficient to break large, weakly-bound neutral pairs. The corresponding ionized free
charges should prevent the sample from behaving as a truly insulating and dielectric
material.
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APPENDIX A

In this appendix, we extract the part C“¥(r) of C“(r) which gives
contribution to 1/¢ of order z*/(I"—4)* in the limit I'— 4*. For this, we
start from the integral expression (4.12) of C“)(r), which is first rewritten
as the sum of the conditionally convergent integral

2_2_4 EF * r Ya (v, —1/g)
¢ a() J d“d”{lvl—vf(“ v2)’ [ v _,/6)2}

L v [v‘ i = x/o) }} (A1)

v vyt v (v, ~1/o)?

plus the two absolutely convergent integrals

eZ%G)rj dvldvz{ 2|v1F—2v2| [ V—?_ :rr//:) )T
‘%W[(“ W (G e —rr//:;)]z} .
e2§< ) f dv, dv,

% r 20 |V1_V2|F
o) ool v, —t/o|" |v,—r/o|"

Uy |V2‘r/0'|r

and

Uz v, = vyl v, —1/o| "

Uz [v, _1'/0'|F

Ulr vy —V2|F Ivz—r/alr

2

+_._—__
Ivl‘“V2|r

r v (i—x/o)
+|V1_Vzlr(VI‘VZ) [U% (V1_r/0')2:|

r RRCIN (v, —1/o)
Ty i) [ (vz—r/o)ZJ

r’ (V1 (vi—¥/o) z
+2|V1_V2|r|:(“_vz) <Ul—(v1’“r/<7)2>:|

r: vz (a=r/a)\ T
2Iv1—v2lr[(vl_v2) (E‘(vz—rw)] } (A-3)

N

—+



Correlations in KT Phase of 2D Coulomb Gas 217

where the notation [* means that the integration domain for v, and v,
excludes the configurations such that any of the relative distances between
the points 0, r/o, v, v, is smaller than 1. It turns out that the integral (A.1)
vanishes, as shown by the transformation of variables (v, v,) = (v, —r/o,
v, —r/g), which transforms the integrand into its opposite. In order to
calculate the contributions of (A.2) and (A.3) to C¥(r), we proceed as
follows. We first integrate over v, at fixed v, and we split the integration
domains into various regions. For each region, we extract the possible part
of the corresponding integrand which gives contributions to C®#)(r). The
remaining part is then uniformly bounded over the considered region by
functions which may also depend on r and 7. This provides uniform
bounds with respect to r and I” (in a finite neighborhood of I'=4) for the
contribution to C“)(r) of this remaining part. These uniform bounds are
used to prove that the latter does not contribute to C*(r), and that
furthermore C*(r) indeed reduces to the first terms of the large-distance
expansion of C*)(r), where the involved coefficients are replaced by their
limit forms when I"— 4*. The above method is first applied to the integral
(A.2).
The integral (A.2) can be rewritten as
ezt (o\T
(o) 7]

vi,lvi—r/o| >1

< [(vl —-Vz)'(‘Z‘%‘%E}%)E)T

ez (o' [ nl?
=——= j dv,
(2 r F‘-4 v,V —r/a| >y

dvlf dv2;

I
vi—val,|lv2—r/a, o3> 1 IVl—V2|

) ] e
s ar
“2%(9 FZLWO”Z“ Ln,vz.,mv,/ﬂ,w‘”2 1v1—1v2|f

for a given v, > 2 and r/o sufficiently large (r/o > 2v,). The integral {A.4a)
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is evaluated through an integration by parts and the use of the Poisson
equation as

ez* o\ [ nl%\ 2= Yo (vo—1/o)
23 (F5) ) e ety
r

VO__
g

X <1n vo—In

> (A.5)

where 0, is the polar angle of v, in a given frame. The integrand of (A.5)
can be rewritten as —In(r/g) plus a term bounded by cst x (6/r) In(r/o) and
a bounded function of v,. Thus, (A.5) is equal to

AN S BV LAY
e () (2) "

plus three terms bounded respectively by cstx z*(o/r)" In(r/a),
cst x z*(o/r) T In(r/o)(I'—4), and cstxz¥(a/r)'/(I'—4). Since the
integral over u in (A.4b) is bounded by cst/v! 2 and the integral over v,
in (A.4c) is bounded by cst/(I"—4), the quantities (A.4b) and (A.4c) are
both bounded by cst x z*(c/r)’/(I"—4). Thus, the sole contribution to
C?(r) of (A.2) arises from (A.4a) and reduces to (A.6). Indeed, all the other
terms give contributions to 1/¢ which are bounded by z*/(I"'—4)%

Now, we turn to the contribution of the integral (A.3). After the trans-
formation of variable v, =uv,w in the integral over v,, (A.3) becomes

A AY 1
62?(;> J av, —+—

vi. Vi —t/a] > 1 Uy
x| ot fot =+ 1) (A7)

w,|lw —vi|,[w—r/(ovs)| > 1/

with
i e e
O ey (A52)
fo= - m_:/avllr'wwrl}'l/f”;'; (A8b)
fo= =¥ 0'11:71 r[f'l—w[rvlvwr—r/avllr (A8c)
fd:Wl_iwrr (A.8d)

fez—AF—(@l—w)-(vl—L——m) (A.8e)

|€’1"l'/<7'1’1|2
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fr= e G (-t (A8

[V, —w]’ w2 |w—r/ov,|?

209, — ¥, —r/ov,|?

r o1 . w  w—rfoy, \ T
e (R )| B
In (A.7), the integration domain for v, is split into the two disks with
radius 7/(20) centered at 0 [1 <v, <r/(20)] and r/o [1 <|v, —1/0| <r/(20)],
respectively, plus the region (v, |v; —r/0| > r/(206)) outside these disks. For
each given v,, the integration domain for w is split into three disks with
arbitrary constant radius centered at 0 (1/v; <w<cst), rfov, (1/v;<
lw—r/ov,| <cst), and ¥, (1/v, < |w—¥,| <cst), respectively, plus the region
(w, |w—¥,|, |[w—r/ov,| > cst) outside these disks. The contributions of the
various regions are now evaluated.
(1) l<v,<r/(20)
(1i) 1/v;<w<cst
The functions f,, f,, f., and f, remain bounded near w=0. The
integral of f, over the angle of w is also bounded. Furthermore, using a
convergent multipolar expansion in powers of w and combining the
harmonicity of the Coulomb potential with the rotational invariance of the
weighting factor 1/w’, we find that the angular integral of (f, + f;) reduces
to a singular term bounded by cst/w’” ~* plus a bounded function of w.
This implies that {;, < cex dW {fo+f5--- +f,} is bounded. On the
other hand, since f, behaves as 1/w® when w— 0, {,,, <, < s dW f;, can be
rewritten as a sum of the logarithmic singular term
I'*(¥,-w)* nl?
[ ey

3 =Tln v, +cst (A.9)

1/v1 <w < cst 2

plus a bounded function of v,. The contribution to C#(r) of the considered
region then entirely arises from the above logarithmic term and reads

e <z>r I av, 2200
a r 1<vy<r/2c 2 Uy
24 (o\T 8 pri2e 1
R A £ _J d
mie a“(r) orJ; 171011-,3
_tener L [(2) ()T
ot (F—4)* | \r r

4 o\ —4 r
—16n2e? S —— (2 - :
ne J4F-4<r> In <0_> (A.10)
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In the last line of (A.10), we have omitted the terms arising from the
replacements of the prefactor 77> by 16 and of 27~ * by 1 because they
are bounded by cstxz'(e/r)/(I'~4), cstxz¥o/r)* ~*(I'—4), and
cst x z*(o/r)* ~*In(r/s), and consequently do not contribute to C*(r).
Moreover, the other contributions to C“(r) arising from (f,+ f,+
-+ + f,) and from the integrable (at w=0) part of f, are bounded by
cst x z4(a/r)T /(T — 4).

(Lii) 1/v, <|w—r/ov,| <cst

We set w=r/ov, +w'. The functions f,, f,, f., and f, remain bounded
near w' =0. The integral of f; over the angle of w’ is also bounded for w’'
small. An analysis similar to that of case (1.i) shows that the angular
integral of (f, + f.) reduces to a singular term bounded by cst/(w’)" ~* plus
a bounded function of w’. Finally, the angular integral of £} is the sum of
a singular term bounded by cst x (ov,/r)" ~%/w’? plus a bounded function of
w'. The part of (A.7) corresponding to the considered region can then be
rewritten as the sum of two terms which are bounded by cst x z*(a/r)’/
(I'—4) and cst x z*(a/r)" In(r/o), respectively. Thus, this region does not
contribute to C¥(r).

(Lili) l/o,<|w—¥| <cst

We set w=¥, + w". The function f, remains bounded near w” = 0. The
integral of (f,+ --- + f,) over the angle of w” reduces to a singular term
bounded by cst/(w”)"~* plus a bounded function of w”. Consequently,
there is no contribution to C#(r), and the contribution to C*(r) is bounded
by cst x z4(a/r) /(I —4).

(liiii) w, |[w—¥,|, |w—r/ov,| > cst

The functions f,, f,, f., f;, and f;, are bounded by functions of w
which are integrable over R” In the region w > r/(20v,), the integral of
(f.+ f.) over the angle of v, is bounded by a function of w integrable over
R,, while the corresponding angular integral of

| dw (f.+1.)

w<r/(2001)
w, |lw — ¥1| > cst

is bounded. Finally, f, can be rewritten as the sum of an integrable function
of w plus the function

2w (¥ — (¥, —1/ov)/|¥, —r/ov,|)1*/2w")
whose integral over w reduces to a bounded term plus

nl? ‘ ¥, —r/ov, ]2
2Ar—4)L" B —r/ov,|?
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Consequently, the sole contribution to C#(r) arises from the latter singular
term and reads

,zt <0 FJ J nl? 1
2= Vy———— ——
o*\r) dicn<non 2r—4)vi 2
N 2
. ¥,—r/ov
x[vl— Al / 12}
|V, —r/ov,]

5 2Z_4 1 g F_ z 2r—4
e [ I

In the last line of (A.11) we have omitted terms bounded by cst x z*(a/r)’/
(I'—4), a function which also bounds all the other contributions to C“)(r)
of the present region.

(2) 1< ¥, —r/a| <r/(20)
For obvious symmetry reasons, the contributions to C#(r) and C¥(r)
are identical to those of the region (1).

(3) vy, Ivi—1/a|>r/(20)

(31) 1/v,<w<cstor l/v, <|w—r/ov,| <cst

The functions f, f., and f, are bounded, while f; is bounded by a
function which remains integrable at w=0 and w=r/ov,. On the other
hand, f,, f,, and f, are bounded outside the disks centered at 0 and r/ov,
with radius r/(2ov,). In the disk w<r/(20v,) [|W—r/ov,| <r/(200v,)], f.
(f,) remains bounded, while the angular integral of (f,+ f,) [(f,+/.)]
over the angle of w (w - r/ov,) can be rewritten as a singular term bounded
by cst/w' =% [cst/lw—r/ov,|"~*] plus a bounded function of w
(Iw—r/ov,|). Therefore the integral of (f,+ f,+ --- + f,) over the con-
sidered region is bounded and does not contribute to C?(r). The integral
of f, outside the disks w <r/(20v,) and |w —r/ov,| <r/(20v,) is bounded by
a constant times

2
w W—TI/00v
f dw [_2_____1_;4
w, W — t/av1] > r/(200;) w”  |w—r/ov,|

which is a pure number, as shown by the transformation of variable
w=ur/ov,. In the disk w<r/(20v,) [|w—r/ov,| <r/(20v,}], f, is
equal to the singular term

(0w

B—FZ—l— (%—r/ovlr(w—r/avl)Jz/zw—r/avn‘*J

AR —r/avllr L
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plus a function integrable at w=0 (w =r/ov,) and bounded by

[est x ov,/rw + cst x (av,/r)?]

{[estx ov,/(r lw—r/ov,|) +cst x (ov,/r)*]}

Thus the integral of f, over the above disks reduces to

['2 YA
__“ a’w—(w :1)
2 1/v; <w < r/(20v1) w
1 ro(d 2
A ]"J‘ dw’ [w (VI /:‘/O-Ul)] }
[V, —1/00,|" Y10 <w < ri200) w
nl? 1 ¥
— 14— |in— A12
2 |: - |€'1_r/‘7U1|r_2j] nzo' ( :

plus a bounded quantity. It then follows that the sole contribution to C(r)
arises from the logarithmic term (A.12) and reads

ro\T al % In(r |
625'4<_) J av, rfz/a)l:l‘*' S r—z:l
0 \r/) oy vi— ol > ri20) 2v) |V, —1/ov,]

z* fa\T r 1
= (=) In(- v, ——

z* 1 In(r/o)

G T—4 ;T4

=32n%? (A.13)

In the second line of (A.13) the replacements of |¥, —r/ov,|” ~2? by 1 and
of the condition vy, |v, —r/o| >r/o6 by v, >r/c are legitimate because the
1/(I"— 4) divergent term arises from the values of v, large compared to r/o.
The terms omitted in the second line of (A.13) are bounded by
cst x z4(6/r)* ~*In(r/c), while the other contributions to C®*(r) are
bounded by cst x z* x (a/r)¥ ~4/(I —4).

(3.41) /o, <|w—¥;| <cst

As in the case v, <r/(20) and for the same reasons, this region does
not contribute to C2(r), and its contribution to C®(r) is bounded by
cst x z4x (a/r)?F 4 /(T —4).

(3.i1) w, |[w—r/ov,|, |w—7¥,| >cst
The functions f,, f;, f., fa fer fr» and f, are bounded by integrable
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functions of w, while f, can be rewritten as a term bounded by an
integrable function plus

r? . Vi—rjov; \T

2w’ |:W <VI_(€’1‘I/UU1)2>:| (A19)
The integral of (A.14) over w is bounded by cst x (r/ov,)?/(I"—4). Thus
there is no contribution of the considered region to C?#(r), and its contribu-
tion to C®(r) is bounded by cst x z*(a/r)* ~*/(I"—4).

The total contribution of the integral (A.3) to C¥(r) is equal to (A.13)
plus twice the sum of (A.11) and (A.10). Adding the contribution to that
(A.6) of the integral (A.2), we finally obtain the expression (4.13) of C2(r).
Taking into account the above uniform bounds for the various contribu-
tions to C™(r), we see that C*(r) indeed is the limit form when I'— 4" of
the first three terms in the large-distance expansion of C*(r) [note that
the In(r/o)/r* ~* terms arising from (A.9) and (A.12) exactly cancel out].

Finally, we derive a simple integral representation for C#(r) which
involves the coordinates x and y of the field pair Z=[@ x, © y]. Since

dx dy of X x—r \
J _EJ S ar | XYmoo
Ix,x—rl>r2 0 Jjx -y >0 0 [X—Y] Ix[* Ix—r

is bounded by cst/(I"—4), the contribution (A.6) of the integral (A.2) to
C%(r) entirely arises from

_2€zz_4<g>r [ dx
4 2
g r \x‘ or|x—r|l<ri2 O

xL|x—r| >0

dyI'* of [ x  x-r 2
xj|x_y>a;2——2_|_—x_ylr[(7‘—y) <|X|2———|x_r|2>} (A.15)

Furthermore, returning to the integral expressions over v, and w in (A.10),
(A.11), and (A.13) and introducing the variables x and y, we find after
simple manipulations that the contribution to C?#(r) of the integral (A.3)
is identical to that of

4 r
20 L (z) [ ax
4 2
g \r \x‘or|x—r|<r/2 a
x|,

x—r¢|>0

dy I'? o \' X x—r \?
ar _yy (XX A
S ) [ (Remom)] @

Thus, the sum of (A.15) and (A.16) provides the integral representation
(4.19) of C¥(r), which must be understood in the following mathematical

822/66/1-2-15
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sense: it reduces to C?(r) plus a remainder which has the same uniform
(with respect to r and I') upper bounds as the difference [C*(r)— C2(r)].

APPENDIX B

In this appendix, we show that the z> terms in the expansions of the
expressions (5.28) and (2.8) for 1/¢ do coincide. For this, we have to

calculate p and p_, (|y,|) p_ . (y,) at the order z* ie,
2

o =% f dy, exp[fe’v(]y,1)]

4
z
+2T._8JdY1 dx, dy, {CXp[—ﬁV4(0, X25¥1,¥2)]

—exp[fe’v(ly])] explBe’v(Ix, —y.|)]

—exp[fe’v(ly,l)] exp[fe’v(|x, —y:1)1}

+0(z°% (B.1)
and

p (¥l P (¥1)= e 3y: expLeo(ly])]
—e oy [ dxa dy, expl VA0, 533 ¥, 2]
—expLBes(ly|)] expLBe’v(|x, —va1)1}
e[ dxy % [ dy; {expl— Va0, %2: 1. 1))

—exp[—BVa(0,y5; 5., X2)1}
+0(z%) {(B.2)
The rhs of (5.28) then becomes, after using (5.29b),

22

' ST dy, expLBeulyiD]

1
« (5 [ dy, dx, dy, {expl —BV(0. X131, ¥,)]

—exp[fe’v(lyy|)] exp[Be’v(1x, —¥,|)]
—exp[ Be’v(ly.l|)] exp[fe’v(Ix,—y, 1)1}

+ 5 [y Voty) P ) + 069 (B3)
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with
Py =y, [ d%dy, {exp — [BVa(0,%:: ¥, ¥2)]
—exp[Be’v(]y|)] exp[Be’v(|x, —y,)1}
—fdxmfdyz {expL—BV4(0, X25¥4, ¥5) ]
xexp[—BV4(0, Y25 ¥1. X:)1} (B4)

In order to manipulate the conditionally convergent integrals which appear
in {B.3) and (B.4), in particular to invert the successive integrals over y,,
X,, and y,, it is convenient to introduce the function

G(0, X35y, ¥2) =exp[ — V(0. x50y, ¥2) ]
~exp[fe’v(ly,|)] exp[fe’v(|x, —y,l)]
X [14 Be*(y, - V)(y2—x,) - Vo(x)]
—exp[fe’v(ly,l)] exp[fe’v(x, —y.|)]
x [1+ Be(y, V(¥ —x2)* Vi(x5)] (B.5)

Taking into account the general prescription given in the main text for
calculating such integrals, we then obtain

fdyl dx; dy, {exp[ — V40, X33 ¥1, ¥2)]

—exp[fe’v(lyi])] exp[fe’v(Ix, ~y,|)]
—exp[fe’v(ly,|)] exp[Be’v(|x, —y,[)1}

= [ dy, ax, dy, G(0, x,: ¥, ¥2) (B.6)
and

Be* [ dy, Vu(y,) - P(y,)
= —fe* f dy, dx, dy, G(0,X,;y,, y,)(X; =y, —¥,) - Voly,)

+2npe* [ dy, expBe’o(ly,I)] [ dt 1 exp[ feu()]

ﬂzze4 f dt * exp[ fe*v(1)] f dy, dt’ exp[ fe’v(t')]

x [V2u(y)J(t" - V) oy, — t) (B.7)

In (B.6) and (B.7), the integrals involving G are absolutely convergent
because G has a sufficiently fast decay for any large separation of its
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arguments. The last two integrals in the rhs of (B.7) arise from the dipole—
dipole interaction terms appearing in the definition (B.5) of G [these terms
do not contribute to the rhs of (B.6) for obvious symmetry reasons]. On
the other hand, an integration by parts gives

Be | dy, Vu(y1) - P(y)
—[ dy,exp[Be’v(ly, 1)1 V- {P(y,) exp[ — fe’u(y,)]} (BS)

If we replace P(y,) by (B.4), we can calculate V- {P(y,) exp[ — Be’v(y; )]}
by inverting the differentiations with respect to y; and the integrals over x,
and y,. Rewriting the corresponding result in terms of G, the identity (B.8)
then becomes

Be* [ dy, Vo(y,) P(y)
= e [ dy, dx, dy, GO, X33 ¥1, ¥2)(2 — ¥y — ¥2) - Vo(y,)
+2mpe? [ dy, exp[Beo(ly,|)] | dt ¢ expl fe’o()]
—2 [ dy, dx, dy, G(0, %53y, v,)
G 4fdtz expl[ feu(1)]
x [ dy, dt’ exp[Be’o(r)] [V2o(y ) 1€ -V) oy, =€)  (BI)

where we have used the symmetry relations
G(0, X251, ¥2) =G(0, X2; Y2, ¥,) = G(0, x5, X, — ¥, X2 —¥>)
Adding (B.7) to (B.9), we find

pe* [ dy, Vi(y,)- P(y))
— [ dy, dx, dy, G0, %33y, y2)
+2nfe* | dy, exp[Be’o(|y,)] [ dt # exp[Be’o(r)]  (B.10)

Replacing the integrals involved in (B.3) by their respective expressions
(B.6) and (B.10), we finally get for the rhs of (5.28)

- ”ﬁe 2 jdt 72 exp[ fe*v(1)] + O(z*) (B.11)
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which indeed is identical to a truncated expansion at the order z* of the rhs
of (2.8).
APPENDIX C

In this appendix, we calculate the function D_, _,(t,t",R) at the
order z® included and we show that it indeed satisfies the identity (5.41).
The expression for p” , _, (r,,r,, I3, 1,) at the order z°® reads

pi+~+(r1> rz, rj, 1'4)

4
z
:; {exp[—pV4(ry, 1451y, 15)]

—exp[fe?v(ry,)] exp[Be’v(rss)]}

+;—162de dy {exp[ —BVe(ry, 14, X511, 15, ¥)]

—exp[ —BVa(ry, 1451y, 13) Texp[e’v(Ix — y|)]

—exp[ = BVa(ra, x; 1y, 13) ] expl fe’v(Ir, —y|)]

—exp[ —fVa(rs, rasry, y) 1 exp[e’v(|x —r3])]

—exp[ —BVa(x, 1451, 13)] exp[fe’v(|r, — y|)]
—exp[ — Vx5, 145y, 13) 1 exp[ fe’v(|x — 1 )]
—exp[—BVa(x, 143y, 13)] exp[ fe’v(r 2)]

—exp[ —BVu(ry, x; 1y, y)] exp[fe’v(rsq)]

—exp[—BVa(x, r451,, ¥)] exp[fe’v(ry;)]

—exp[ —BVa(rs, x; 5, 15) ] exp[ fe’v(r,4)]

+2exp[fe’v(|x —r,[)] exp[fe’v(|r, —y|)] exp[Be’v(rs,)]
+2 exp[ fe’v(|x —rs])] exp[fe’v(|rs—y|)] exp[Be’v(r ;)]
+ 2 exp[ fe’v(|x —r3])] exp[ fe’v(|r, —¥])] exp[ fe’v(r )]
+2exp[fe’v(|x —r,])] exp[ fe’v(|rs—y|)] exp[fe’v(r,s)]
+2 exp[Be’v(|x —yl)] exp[Be’v(r ;)] exp[ Be?v(rs,)]

+2 exp[fe’v(|x —y|)] exp[ fe’n(r14) ] exp[ fe’v(r)]}
+0(z%) (C.1)

Weset t' =r,—r,, t"=r,—r,, and R=A(r3+r4—r1 —1,)/2, and we study
the limit of (C.1) when R— oo with R, t', and ¢” being kept fixed. As
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expected, each term of order z*" decays as DY __(t, ", R)/R% Using a
multipolar expansion of V,(r,, rs; 1y, r3) with respect to t’ and t”, we easily
obtain

DWW (t,t",R)= —pe ?S- exp[fe’v(r')] exp[fe’v(r")]
x[(t't")—2(R-t')R-t")] (C2)

The coefficient D'®, _ _ is entirely determined by the large-R behavior of
the conditionally convergent integral

J‘ dx dy {exp[_ﬁV6(r2: Ty, X5y, I3, y)]

—exp[fe’v(|x —y|)1 exp[ —BV4(rs, 14511, 15)]

—exp[ — BVa(x, 145y, 13)] exp[Be’v(t')]

—exp[—BVa(rs, x5 11, y)] exp[Bev(r")]

+ 2 exp[Be’v(|x —y|)] exp[ fe’v(r')] exp[Be’o(t")]}  (C3)

[all the other terms in the integral coefficient of z¢ in (C.1) give contribu-
tions which decay faster than 1/R*]. It is convenient to rewrite (C.3) as the
absolutely convergent integral (t=x—y)

[ dx dy (expl— BV otz 1, Xi 1, 75, 9)]

—exp[Be’v(t)T exp[ — BV 4(rs, 1451y, 15)]

—exp[ —fVa(x, 143y, 13)] exp[fe’u(')]

—exp[ —BValrz, x; 11, y)] exp[Be’v(t”)]

+exp[e’v(1)] exp[ Be’v(r')] exp[Be’v(:")]

X {2— B [(t - V)(t"- V) u(ry) JL(t - V)(t- V) v(x —15)]

~= B2t - V)(t" - V) v(rye) JL(" - V)(t- V) o(x —14) ]

— B2t - V)t V) o(x =) J[(t" - V)(t- V) v(x —1,)1}) (C4)

plus

pZe* exp[Be’v(r')] exp[Be’v(t")] f dx dy exp[ fe’v(t)]

X [(E-V)(t- V) o(x =) JLt" - V)(t- V) v(x —14) ] (C.5)
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The large-R behavior of (C.5) is found to be
—nfB%e* exp[e’v(t')] exp[ feo(t”)] j dt 1? exp[ Be*v(1)]

x (t"-V)(t"-V)v(R) (C.6)

after an integration by parts and use of the identity | dx V2u(x)= —2x. The
leading contributions to the large-R behavior of (C.4) arise from configura-
tions where the field pair 2= {@ x, © y} is close either to the pairs &’
or #". For 2 close to #” we get the 1/R? contribution

pe? explBe’u(r')] [ dx dy {expl —BV.(%, 1,3 ¥, 1,)]
— expl feo(r)] exp[ eu(r")I[1 + Be(t" - V)(t- V) v(x —r,)}
X ((t+")- V)(t - V) o(R)
— Be? exp[e’o(r)I[P(t") - V1(t'- V) o(R)
+ nf%e* explBe’u(r')] expl Be’o(t”)] [ dt £ expl feu(r)]

x (- V)(t"-V)v(R) (C7)

where P(t”) is defined by (B.4) with y, = —t”. The contribution of the
region 2 close to 2’ reduces to (C.7) with (t”,t') in place of (t,t”) for
obvious symmetry reasons. Thus, the large-R behavior of (C.3) is equal to

(C.6) plus twice the symmetrized (with respect to t' and t”) form of (C.7).
This leads to

= —nf’e* azﬁ exp[Be®v(t')] exp[ fe’v(t")] f dt t* exp[ fe’v(1)]
x[(tt")=2(R-t'}R-t")]

—ﬁezgz—u (exp[Be?u(t')] {[P(t")-¢'T—2[R-P(t")](R-t')}

+exp[fe?u(t)J{[P(t) - t"]—2(R - t")[R- P(t)]}) (C.8)
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At the order z% included the rhs of the identity (5.41) reads

4

— Zrexp[Be’o(r)] | dtexp[pe’o(n)] [¢ — 2R t)R]

6
ez ~ N
— 3 exp[ fe’v(t')] f dy, dx,dy, G0, x,;y,,y,)[t' —2(R-t')R]

6

55 [ dtexplpero(n)JP() 2R+ 1) - P(t)]
+0(z%) (C.9)

At the same order, the lhs of (5.41) is determined from the expressions
(C.2), (C.8) of D¥® Using the colinearity of the vectors t”, P(t”), and

— 4, =+
F(t”)= —Vo(t"), as well as the identity (B.10) with y, = —t”, we find that
this lhs indeed reduces to (C.9).
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